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Introduction 



The origins. The basic ideas and structures of 'modern differential geom- 
etry' first appeared in Bernard Riemann's habilitation lecture "Uber die Hy- 
pothesen die der Geometrie zu Grunde liegen" ( "On the hypotheses which lie 
at the foundation of geometry"), presented in the summer of 1854. Without 
possessing a perfected terminology, Riemann introduced what we would call to- 
day a topological manifold. He also used requirements of differentiability, so he 
dealt actually with differentiable manifolds. This structure was called by him 
"mehrfach ausgcdehnte Mannigfaltigkeit" ( "multiple extended manifold" ) . The 
first problem which he discussed in detail was to equip with a metric struc- 
ture such a manifold. He proposed measuring 'infinitesimals' (in the simplest 
case tangent vectors) and integrating over a curve to find its length. Riemann 
pointed out that there is no reason why the length should be assumed to be in- 
dependent of the position, or more generally, of the position and the direction. 

Adopting the old-fashioned notation and terminology for the moment, let 
x{t), where t is a, real parameter, be a curve on a manifold. A metric determi- 
nation fixes the length of the piece of the curve between x{to) and x{ti). The 
most general formula proposed by Riemann is 

ti 

F{x{t),x{t))dt. 

To obtain a reasonable length-concept, the function F must be positive, if 
x{t) ^ 0. One also wants the length to be independent of the parametrization 
and of the direction of traversal of the curve; these lead to the requirement 

Fix,Xv) = \X\F{x,v) 

for all tangent vector v aX x and real number A. Finally, it is also reasonable to 
make a restrictive convexity assumption about F . (At the beginning of Chapter 
[6] of our dissertation we give a precise formulation of these requirements as 
condition (Fi)-(F4) for a Finsler function F : TM M.) All the requirements 
are satisfied by the pointwise positive definite forms 

F'^{x,v) ■.^^g^j{x)v'v^ , g,j = g^i. 

Riemann restricted himself to this metric determination, but he did not repu- 
diate the more general (not necessarily quadratic) fundamental function F. In 
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this connection he said: "The investigation of this more general species would 
not call for essentially different principles, but would be considerably time- 
consuming..." . ( "Die Untersuchung dieser allgemeiner Gattung wiirde zwar keine 
wesentlich andere Principien erfordern, aber ziemlich zeitranbend sein...". See: 
Bernhard Riemann's gesammelte mathematische Werke und wissenschaftlicher 
Nachlass. Herausgegeben unter Mitwirkung von R. Dedekind und H. Weber. 2. 
Auflage: Teubner, Leipzig, 1892. Reprint: Dover, New York, 1953.) 

The more general metric determinations were first studied by Paul Finsler 
on the suggestion of C. Caratheodory in his Gottingen dissertation Uher Kurven 
und Fldchen in allgemeinen Rdumen (1918; Nachdruck Birkhauser, Basel 1951). 
It turned out that in such a general space a metric tensor given by 

1 92^2 
^=2 9^^^'") 

may also be introduced, and - at least in the first steps - "essentially different 
principles" are indeed not required. However, all geometric data will depend not 
only on the points x, but also on the tangent vectors v. The geometry of such 
"general metric spaces" was called Finsler geometry by J. H. Taylor in 1927. 

Finsler geometry has become a quite extensive and active research area. The 
greatest impetus to its development is due to the professor of German Univer- 
sity in Prague, Ludwig Berwald (1883-1942). His ideas and methods influenced 
decisively the Debrecen School of Finsler Geometry, represented in its golden 
period by O. Varga, A. Rapcsak, A. Moor, L. Tamassy, Gy. Soos and J. Merza. 

In spite of the different languare and computational technique, the present 
work is also debt to Ludwig Berwald. 

Straight lines. Riemann's habilitation lecture began with the following 
statements: 

"As is well-known, geometry presupposes the concept of space, as well as 
assuming the basic principles for constructions in space... . The relationship 
between these presuppositions is left in the dark... ." (M. Spivak's translation.) 

In Finsler geometry the role of "space" is played by a (smooth) manifold, 
it provides points for the geometry. The Finsler function makes "constructions 
in space" possible: with its help one can define 'straight lines', called geodesies, 
which have properties analogous to those of straight lines in Euclidean space. 
In the Euclidean n-space R", a straight line may be defined as either a curve 
a : M M" such that a" = 0, or a curve which represents the shortest path 
between points. Now we briefly sketch how the second approach works in Finsler 
geometry. 

Let M denote our base manifold, and let r : TM — s- Af be its tangent bundle. 
Suppose, for simplicity, that AI admits a global coordinate system (u')f^i. Then 
(a;*, y')f^i, where 

a;' := o T , y\v) := «(«*) 

is a global coordinate system for TM. Let F : TM — > M be a Finsler function, 
i.e., a function with the properties mentioned above. Take two points pq, pi in 
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M, and consider the functional 

3^ : 7 J(7) := /" Foj=f F(7(i))dt G M 
Jo Jo 

from the set of ah (piecewise) smooth curves 7 : [0, 1] — !• M from pq to pi. The 
Euler-Lagrange equations of this functional are traditionally written in the form 

dF ddF ^ . . . 

9?~d?a7^°''^^''---'"^' 

and its solutions, i.e., the curves 7 : [0, 1] — ?► M satisfying 

are called the extremals of J, or F-extremals in the calculus of variations, and 
geodesies in Finslerian context. It is a fundamental fact that one can formulate 
another variational problem, which leads to the same class of geodesies. Consider 
the energy function E := ^F^ associated to F, and define a new functional £ 
on the above set of curves by 

7H^£(7):= [ Eoj= f E{j{t))dt. 
Jo Jo 

We show that every E -extremal 7, with 7'(t) ^ for some r G [0, 1] , satisfies 

i?(7W) = iA2,te[0,l] 

for some positive real number A, and it is an extremal of 3^. Conversely, if 7 is 
an extremal of S' parametrized in such a way that the above relation holds for 
some positive A G R, then 7 is also an E-extremal. 
Suppose that 7 is an extremal of £, i.e. satisfies 

dx^ \ dy^ J 

First we prove that the energy function is constant along the velocity curves 
7 : [0, 1] ->■ TM. 

For any t G [0, 1], we have 

(||o7)«)/«) + (f o^)(,)y"(<)^ 

Since, taking into account the Euler-Lagrange equations of £, 
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dx^ J \ dy 



it follows that 



(^°7m = ((0°7) 



However, E is positive-homogeneous of degree 2, which implies by Euler's rela- 
tion 

1^ ° 7) /) ' (t) = ( (l^y') o 7) ' {t) = 2(£; o ^)'[t). 

Thus we find [E o j)' = 2(i? o 7)', therefore £' o 7 is indeed constant. So if 7 
is not identically zero, then there is a positive real number A such that for all 

[0,1], 

Now suppose that a curve 7 satisfies this relation. Then we also have 

F(7(t))=A,te[0,l]; 



and conversely. Since 



it follows that along 7 



dE _ ^dF dE _ ^dF 
dx^ dx^ ' dy' dy^ ' 



dE_ _ d_dE_ f dF^ _ d_dF\ . 

This concludes the proof of our assertions. 

We exhibit a further, more sophisticated method for introducing "straight 
lines" in Finsler geometry. This method, at least implicitly, is of basic impor- 
tance for our dissertation. 

If F : TM — >• M is a Finsler function, then there exists a unique vector 

o 

field S on TM, which is smooth on the slit tangent manifold TM, and has 
coordinate expression of form 

S = y^^-2G^^, 
ox' Oy^ 



where 



1 ■ ■ / d^F^ dF"' 



4' \dx'''dy^ dx^ 
. , ,1 1 &'F^ d'E 

ig') , mj ■■= o- 



2 dy^dy^ dy'dy^ 
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(We continue to suppose that M admits a global coordinate system.) The func- 
tions G" are positive- homogeneous of degree 2, so S" is a spray, called the canon- 
ical spray of the Finsler manifold. (An intrinsic definition of S will be reviewed 
in Chapter [6l confer the above coordinate expressions with the concise formula 
(100)1 .) 

The velocity curve (or "canonical lift") 7 : [0, 1] TM of a curve 
7 : [0, 1] — >■ M is an integral curve of 5, i.e., S' o 7 7 holds, if and only if, the 
components 7* := o 7 of 7 satisfy the relations 

7*"+2G*o7 = (i e {l,...,n}). 

It may immediately be seen that these curves are just the E-extremals. 

Principles and method. A substantial part of Finsler geometry may be 
developed purely in terms of the canonical spray determined by the Finsler func- 
tion. Briefly, 

a large part of Finsler geometry is spray geometry. 

Throughout the Dissertation, our guiding principle will be this observation. 

The remarks made on "straight lines" in the previous section justify, that 
"the principles of constructions" based on the spray approach give the same 
geometry as the classical approach when the straight lines, i.e., geodesies, are 
defined as F-extremals. 

It seems to us, that the above principle has already clearly been recognized 
by Bcrwald. In his epoch-making posthumus paper "Uher Finslersche und Car- 
tansche Geometric IV" (ref. |17| ) his starting point is a system of second-order 
ordinary differential equations of form 

x'" +2G%x,x') = , i G 

where the functions G" are of class on their domain, smooth on the set of non- 
zero tangent vectors, and have positive-homogeneity of degree 2. This means in 
present-day language, that Bcrwald takes a spray as his starting point. Next, 
on Riemannian analogy, he derives the equation of affine deviation, which leads 
him to the affine deviation tensor K (see also our Remark after |4j9]). In our 
language and by our apparatus, it may be given by the formula 

K{X) := V[S,nX], 

where S is the given spray, T-l is the "nonlinear connection" or Ehresmann 
connection determined by S", V is the vertical map complementary to H, and X 

o 

is section along f := t \ TM. In terms of coordinates, H is represented by the 
"Christoffel symbols" G* := Using partial differentiation with respect to 
the directions, i.e., the operators from the type (J) tensor K Bcrwald builds 
a type (2) tensor R, called the "Grundtensor der affinen Kriimmung", and a 
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type (g) tensor H called by him the "affine Krummungtensor" . Our formalism 
presents these tensors as follows: 

R(X, Y) = i(V^K(y, X) - V^K(X, Y)), 

H(x,y)z = v^R(z,x,r). 

Actually, we follow in their introduction a somewhat different path. We define 
the tensor R as the integrability tensor of the Ehresmann connection H, and 
the tensor H as a partial curvature of the curvature of the Berwald derivative 
arising from %. Having them, we show that R and H can be obtained from K 
by the above formulas. 

Following Berwald, we may also construct from the affine deviation tensor 
(called also Jacobi endomorphism) a projectively invariant tensor, the projective 
deviation tensor or Weyl endomorphism 

W° ^K- K1 + -^—{V'K - trV^K) ® 6, 

n + 1 

where K := ^^^jtrK, 1 is the unit tensor, and S is given by w i— ^ {v,v). 

All of the tensors mentioned until now have an analogous tensor in Rieman- 
nian geometry. However, from the curvature of the induced Berwald derivative, 
one can obtain a further partial curvature, the so-called Berwald curvature B, 
which is non-Riemannian in the sense that it vanishes, if S is the geodesic spray 
of a Riemannian metric. From B one can construct another projectively invari- 
ant tensor, the Douglas curvature 

D := B —{tiB 1 + (V^trB) ® 6). 

n + I 

In the presence of a Finsler function F we derive the tensors K, R, H, W°, 
B, D from the canonical spray determined by F, and we define the conceptually 
most important special classes of Finsler manifolds (isotropic, Berwald, Douglas, 
weakly Berwald,...) also by some specific property of their canonical spray. For 
example, Berwald manifolds may be defined as Finsler manifolds whose canoni- 
cal spray is of class C^, i.e., is an affine spray, and may be characterized by the 
vanishing of the Berwald curvature. A great success of modern Finsler geometry 
is their complete description achieved by Z. I. Szabo [5S], 

We have two basic tensors in Finsler geometry which depend immediately on 
the metric structure, and hence cannot be defined in terms of spray geometry: 
the 

Cartan tensor 6^ := iV^g = ^VVV^E 
and the 



Landsberg tensor P := -^V^g = -^V'^V^V^i; 
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(V^ is the "h-Berwald" or horizontal derivative arising from the canonical 
spray). The stretch tensor S defined by 

iE(X, Y, Z, U) := V''P(X, y, z, u) - v*^p(r, X, Z, U) 

belongs obviously also to this category. The vanishing of the Cartan tensor char- 
acterizes the Riemannian manifolds in the class of Finsler manifolds. The mean- 
ing of the vanishing of P is still in the dark. Matsumoto's conjecture "all posi- 
tive definite Finsler manifolds with vanishing Landsberg curvature are Berwald 
manifolds" has not been proved until now, but we also do not know any regular 
counterexample . 

Giving a definite priority of the spray structure, in this Dissertation we build 
in an essentially self-contained manner the part of spray-Finslcr geometry which 
we need to treat our specific problems. We do all these in the pull-back bundle 
framework, applying exclusively coordinate-free methods. Briefly, we apply the 
pull-back formalism. Thus, for example, we re-prove our earlier result published 
in [8], where we used classical tensor calculus. The self-containedness of our ex- 
position also means that we prove most of the classically well-known auxiliary 
results whose formulation and proof is not available (in our best knowledge) in 
our context. Homogeneity properties, Ricci and Bianchi idcntitcs belong typi- 
cally to this category. Since the translation from classical tensor calculus to an 
index-free formalism is not always automatical, we were forced to do this work 
in most cases. 

In its contents an methods our exposition is somewhere in a half-way 
between Z. Shen's monograph [52] and J. Szilasi's study [ST]- it follows a more 
rigorous formalism than the former, but simpler and is more near to the spirit 
of classical Finsler geometry than the latter. 



Chapter 1 

Conventions and basic 
definitions 

(A) By a manifold wc shall always mean an at least two-dimensional, locally 
Euclidean, second countable, connected Hausdorff space with a smooth struc- 
ture. If M and N arc manifolds, C°° {M, N) denotes the set of smooth maps 
from M to N; C°°{M) := C°°(M,]R). The tangent space TpM of M at a point 
p G M is the real vector space of linear functions v : C°°{M) M. which satisfy 

v{f9) = v{f)g{p) + f{p)v{g) ■,f,ge C°°{M). 
Then, for all p e M, dimTpM = dimA/ =: n. If 

TM := TpM {disjoint union) 

and t{v) :~ p, ii v G TpM, then r : TM — > M is the tangent bundle of 
M. The tangent bundle of the tangent manifold TM is ttm ■ TTM TM. 
T and Ttm are examples of vector bundles, which will be briefly discussed in (C). 

X(M) := {X e C°°{M,TM)\toX = 1m} is the C°° (Af )-module of vector 
fields on M, its dual X*{M) is the module of 1-forms on M. U X e X(A/), Lx 
denotes the Lie derivative with respect to X, and ix is the substitution operator 
or contraction by X. d stands for the exterior derivative operator. 

If o G X(Af) is the zero vector field, TM TM\o{M), f := t f TM, then 

f : TM M is said to be the slit tangent bundle of M. 0* G C°°{TM,TN) 
is the tangent linear map (or derivative) of G C°"{M, N). If / C M is an 
open interval and c : / — > Af is a smooth curve, then c := c, o ^ is the 
velocity vector field of c. (Here ^ is the canonical vector field on the real 
line.) The vertical lift of a function / G C°°{M) is := / o r G C°°{TM), 
the complete lift /= G C^{TM) of / is defined by f^{v) w(/), v G TM. For 
any vector field X on M there is a unique vector field X^ G X(rA/) such that 
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CHAPTER 1. CONVENTIONS AND BASIC DEFINITIONS 



X^f^ = [XfY for any function / G C°°{M). X" is called the complete lift of X. 

(B) Wc shall use wedge products in various contexts, without any numerical 
factor. For example, if a and /3 are 1-forms on M, then their wedge product is 

a ^ [3 -.^ a® P ~ P ®a, 

where the symbol <S> denotes tensor product. If A is a type (|[) tensor on Af , 
which may be interpreted as an endomorphism of X(M), and /3 S X*(Af), then 
the wedge product A A /3 is the skew-symmetric type (2) tensor given by 

A A /3(X, Y) = /3{Y)A{X) - I3{X)A{Y) ; X,Y e X(M). 
If 7^ is a type (^) tensor field on TAf , i.e., an endomorphism of the (TM)- 

o o 

module X{TM) and rj E X{TM), then we define the Frdlicher-Nijenhuis bracket 
[K,v] by 

[K, r,]C := [Kt v] " ^K, v] ; ^ ^ X{fM). 

Then [K, ?]] is again a type [^) tensor on TM; it is just the negative of the Lie 
derivative L^iK. We also associate to K two graded derivations ix and dx of 

o 

the Grassmann algebra of differential forms on TM, prescribing their operation 
on smooth functions and 1-forms by the following rules: 

(1.1) ixF := , ixdF := dF o K ; F e C°°(rM); 

(1.2) dx i-K ° d ^ d o i^. 

Then the degree of Ik is 0, and the degree of dx is 1. On functions dx operates 

by 

dj^F = ixdF = dFoK, 

o 

so for any vector field ^ on TM we have 

dKFiO = dFiKiO) = KiOF. 

(C) We recall that a smooth map tt : E ^ M is said to be a (real) vector 
bundle of rank k (k E N\ {0}) or k-vector bundle over M, if the following 
conditions are satisfied: 

(VBi) For all p G M, the fibres Ep := 7r~^(p) are fc-dimensional real vector 
spaces. 

(VB2) To each point p E AI there is a neighbourhood U C M of p and a diffeo- 
morphism (p : U x M.'^ tt^^{U) such that 

(i) TT o (f = pri, where pr^ is the natural projection oi U x onto its 
first factor; 
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(ii) for each point q E U, the map 

is a hnear isomorphism. 

Then M, E and tt are called the base manifold^ the total manifold and the 
projection of the bundle, respectively. When there is no danger of confusion, 
we say merely that 'i? is a vector bundle over M' or ^E is a vector bundle'. 
A smooth map a : M — > is a section of the vector bundle tt : i? ^ M, if 
TT o a = i.e., we have a{p) G Ep for all p S Af . The set 

Sec(7r) := {a e C°°{M, E) | tt o a = 1m} 

of all sections of tt is a C°°(Ajf)-modulc with the pointwise operations 

(fTi + a2){p) := (ai)(p) + {a^m , := /(p)a(p) 

(fTi,(T2,a e Sec(7r) , / G C°°(M) , p G M). 

Let (Sec(7r))* denote the dual of the C°°(M)-module Sec(7r). By a n-tensor 
of type (^) , where (r, s) G N x N\ {(0, 0)}, we mean a C°° (Af )-multilinear map 

((Sec(7r))*)'' X (Sec(7r))^ ^ C°°(Af). 

These form a C°°(Af)-module which we denote by Tj(7r). We extend the defi- 
nition by putting ^^(Tr) := Sec(7r). 

The TT-tensors of type (^) over M may naturally be interpreted as the sections 
of an appropriate vector bundle over M . Namely, let T^Ep be the space of the 
type (^) tensors over the fiber Ep, and let 

T'gE := 1^ T^Ep {disjoint union). 

Then there is a unique smooth structure on T^E which makes the natural 
projection 

< : T:E ^ M 

into a vector bundle with fibres T^Ep, p G A/. Now it may be shown that the 
C°°{M) -modules TJ(7r) and Scc(7r^) are canonically isomorphic. 

(D) Let TT : i? — > A/ be a fc-vcctor bundle. A covariant derivative operator, 
briefly a covariant derivative in tt (or on E) is a map 

D : X{M) X Scc(7r) ^ Scc(7r) , (AT, a) ^ Dxcr, 

which is tensorial in X, M-lincar in a, and satisfies the following product rule: 

Dxf<y = iXf)a + fDxa for / G C°°(A/). 

Vxc is called the covariant derivative of a in the direction of X. 
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Although a covariant derivative operator is defined by its action on global 
sections, it may be shown by a standard bump function argument that it is 
actually a local operator: if two sections coincide in a neighbourhood of a point, 
then their covariant derivatives are the same at the point. Note that, by an 
abuse of language, a covariant derivative in the tangent bundle t : TM M is 
mentioned as a covariant derivative on the manifold M. 

We define the covariant differential of a tensor A G Tg(7r) as the type (^^j) 
tensor DA given by 

DA{X,s\...,s\ai,...,as) {DxA){s\...,s\ai,...,as) := 

r 

(1.3) X{A{s\ . . . , s^ ai, . . . , a,)) - ^ A{s\ . . . , Dxs\ . . . , s^ ai, . . . , a,)- 

i=l 

s 

^ A(s\ . . . ,s'',cri,. . .,Dxaj, . . . ,crs), 

where £ (Sec(7r))*, i g {1, . . . ,r}; aj e Sec(7r), j G {1, . ■ . ,s}, and if s is a 
'TT-one-form', i.e., s £ (Sec(7r))*, then 

(1.4) iDxs){a) X(s(a)) - s{Dxa). 
The curvature of D is the map 

i?^ : X{M) X X(A/) X Scc(7r) ^ Sec(7r), 

(1.5) (^,l",cr) i?,^(X,y)cr := Dx Dycr - Dy Dx(t - D^x^]'^- 

Then i?^ is tensorial (i.e., C°° ( Af)-linear) in X, Y and cr, and skew-symmetric 
in X and Y : 

R{X,Y)a = -i?(y,X)cr. 
With fixed vector fields X, Y on M, the map 

i?^(X,y) ; Scc(7r) ^ Sec(7r) , a ^ R^{X,Y)a 

is an cndomorphism of the C°°(il/)-modulc Scc(7r), so it may be interpreted as 
a type 7r-tensor in a natural manner. We define the covariant derivatives 

DziR^iX,Y)) e End(Sec(7r)) ^ 71{tt) , Z e X(M) 

by 

(1.6) (DziR'^iX, Y))){c7) := i?z(i?^(X, Y)a) - i?^(X, y)i?zT , a e Sec(^). 

Now wc can formulate the following classical result, quoted as differential 
Bianchi identity: 

(1.7) e iDxiR''iY,Z))~R^{[X,Y],Z))=0. 

(X,Y,Z) 
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Here, and in the sequel, & means cyclic sum over X, Y and Z. 

(X,Y.Z) 

The proof is easy. Since the relation is tensorial, we may assume that [X, Y] = 
[Y, Z] = [Z, X] = 0. Then, for any section cr in Sec(7r) we have 

& (DxiR^'iYZ)) ^ R^{[X,Y],Z)){a) = 

(Dx(R''{Y,Zma) + py(i?^(Z,X)))(a) + (Z?z(i?^(X, ^ 
DxiR'^iY, Z)a) + Dy{R^{Z, X)a) + Dz{R^{X, Y)a) - R'^{Y, Z)Dx(t - 
R"{Z, X)Dy(J - R^iX, Y)Dz(T = DxDyDza - DxDzDycr + DyDzOxcr ~ 

DyDxDzCT + DzDxDya - DzDyDxCr - DyDzDxCT + DzDyDxo - 
DzDxDya + DxDzDya - DxDyDzCr + DyDxDzCr = 0. 

(E) The main scenes of our considerations will be the pull-back bundles of 
the tangent bundle r : TM ~> M over r and f, i.e., the vector bundles 

TT : TM Xm TM TM and ^ : TM Xm TM ^ TM, 

respectively. Here 

TM Xm TM := {{u, v) & TM x TM \ t{u) = t{v)}, 
TT : (u, v) € TM Xm TM u e TM, 
7T-\u) - {u} X T,^^)M; 

and, similarly, 

TM Xm TM := v) G TM x TM \ t{u) = r(w)|, 

TT : (u, v) £ TM Xm TM ^uE TM, 
n-\u)^{u}xT.^^^M. 

The vector space structure of a fibre ir^^iu) is given by the operations 

{u,vi) + {u,V2) := {u,vi + V2) ; vi,V2 & Tr(i,)M; 

\{u,v) := {u,Xv) , V e T^(u)M , A G M. 
Then, obviously, 7r~^(u) is canonically isomorphic to Tt(u)M. Similarly, the 
fibres t: ^(u) are vector spaces, canonically isomorphic to the tangent spaces 

ro(„,M {u e TM). 

In what follows, throughout the Dissertation, n and tt will be the shorthands 

for the pull-back bundles 
TT : TM Xm TM -> TM and n : TM Xm TM TM, 
respectively. 

The sections of tt are smooth maps X : TM TM x m TM of form 

V e TM I — > X{v) = iv,Xiv)) e TM Xm TM, 
X e C°°(TM, TM) ,ToX^T. 
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We have a canonical section 

6:veTM< — > S{v) ~ (v, v) G TM Xm TM, 

and any vector field X on M induces a section 

X -.v e TM I — > X{v) {v,X{t{v))) £ TM Xm TM, 

called a basic section of tt or a basic vector field along r. The C°°(rA/)-module 
Sec{TT) of sections of tt is generated by the basic sections. If 

3£(t) := {X e C°°{TM,TM)\toX^t}, 

then X(t) is naturally isomorphic to S'ec(7r), so the two modules will be identified 
without any comment, whenever it is convenient. As in the general case of a k- 
vector bundle (see (C)), we may consider the C°°(TM)-modules T^(7r) of the 

o 

TT-tensors over TM, and, similarly, the C°° (rA/)-modules TKn) of ^-tensors 

o 

over TM; (r, s) G N x N. Note that TUtt) may naturally be interpreted as a 
submodule of ^Kn). From obvious reason, the elements of T^(7r) and (^) will 
also be mentioned as tensors along r and f, respectively. 

If A is a type (^^2) tensor along f, where s G N, then we define its trace 
trA G T0(7r) by 

{tTA){Xi,...,Xs) :=tr(z^ A(Z,5i,...,X,)) , 

for Xi,...,X„Z e Sec(^). 

More effectively, the trace operator may be introduced inductively as follows: 

o 

step 1 There is a unique C°° (TM)-linear map 

tr : C°°{fM) , A tr A 

such that for all 1-form a G "JiiTr) and section X in Sec('n') we have 

(1.8) tr(5(8)X) 5(X). 

This may be shown by a standard argument, see e.g. [44], Lemma 2.6. 
Step 2 Let X G Sec(^). First we define a non-conventional substitution 
operator 

by ...... 

j^A(Yi, . ..,Ys) := A(Yi, X, Y2,..., Y^) 

for Yi, . . . , ys in Sec(^). Using this operator, let the trace of a tensor 

A G 'JI_^_i{tc) (s > 1) be the type (^) tensor trA such that for any section X in 

Sec('n-), 

(1.9) z^trA = tr(j^A). 
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The effect of the trace operator on components is summation over the con- 
travariant index and the first covariant index. It may be shown that if S is a 
symmetric type (°) tensor along f (s > 2), then 

(1.10) tr{a(g) S) = isa, 
where is is the 'conventional' substitution operator. 

(F) We have a canonical injcctivc strong bundle map 
i : TM Xm TM — > TTM 

given by 

w) := c(0) , if c{t) := v + tw, 
and a canonical surjective strong bundle map 

j : TTM — > TM x m TM, w G T^TAI i — > j{w) {v, t^{w)) 
such that the sequence 

— > TM Xm TM TTM ^ TM Xm TM — > 

is an exact sequence of vector bundle maps, i and j induce C°°{TM)- 
homomorphisms at the level of sections, which will be denoted by the same 
letters. So we also have the exact sequence 

— > X(t) ^ X{TM) X(t) — > 

of module homomorphisms. X'^{TM) := iX(T) is the module of vertical vector 
fields on TM, := iX is the vertical lift oi X € X{M). If a is a 1-form on M, 
then there exists a unique 1-form a" on TM such that 

a^(X^) ==0 , a^X^) = ia{X)y 

for all X G X{M). is said to be the vertical lift of a. 

C := i5 is a canonical vertical vector field on TM, the Liouville vector field. 
For any vector field X on AI we have 

(1.11) [C,X^] = --X" , [C,X"] = 0. 

J := i o j is a tensor field on TM of type (|[); it is called the vertical endo- 
morphism. For all vector fields X on M we have 

JX^ = , JX^ = X^; 

therefore 

Im(J) = Ker(J) = X^(TAf) , = 0. 
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CHAPTER 1. CONVENTIONS AND BASIC DEFINITIONS 



The following useful relations may be verified immediately: 



(1.12) 



[J,C] = J ; [J,X^] = [J,X=] = , X e X{M). 



(G) Wc define the vertical differential V^F e 'J'"(7r) of a function 

F G C°°{TM) by 



(1.13) 



y^F{X) (iX)F , X e Sec(7r). 



We note that 



(1.14) 



where dj is the graded derivation associated to the vertical endomorphism by 
(jl.ip and (jl.2p . The vertical differential of a section F S Sec(7r) is the type (J) 
tensor V^Y e '3'i(7r) given by 



where ry G X(rA/) is such that j?7 = Y . (It is easy to check that the result does 
not depend on the choice of 77.) Using the Leibnizian product rule as a guiding 
principle, the operators Vj^ may uniquely be extended to a tensor derivation 
of the tensor algebra of Sec(7r). Forming the vertical differential of a tensor 
over Sec(7r), we use the convention applied in (jl.3|) : if, e.g., A G 7\{tt), then 
VA G 'T3(7r) is given by 



v^A(x, y, z) (v^A)(y, z) = v\a{y, z) ~ a{v\y, z) - A(y, v^z). 



(1.15) 



V^y(X) V^^r := , X G Sec(7r), 




Chapter 2 



Ehresmann connections and 
Berwald derivatives 

By an Ehresmann connection over M we mean a map 
n-. TM Xm TM TTM 
satisfying the following conditions: 

(Ci) Ti. is fibre preserving and fibrewise linear, i.e., for every v G TAf, 

T-Lv '■= T-L \ {w} X Tt(v)M is a linear map from {v} x T^i^y^M = Tt^v)M 
into TyTM. 

(C2) j o H = ItmxmTM, i-e., '"H splits". 
(C3) H is smooth over TM Xm TM. 

(C4) If o: M -> TM is the zero vector field, then ?^(o(p), v) = (o*)p(ti), for all 
p e M and G TpM. 

We associate to an Ehresmann connection H 

the horizontal projector h := o j, the vertical projector v := 1^°,^^^ ~ h, 

the vertical map V := i^^ o v : TT A/ ^ TM Xm TM, 
the almost complex structure F :='HoV — ioj ^HoV — J. 
We have the following basic relations: 

h^ = h,v^=v;Joh = J,hoJ = 0;Jov = 0,voJ = J; 

F2= l,JoF = v,FoJ = h; 
Foh= J,hoF = Fov = J + F,voF = -J. 
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The horizontal lift of a vector field X E X(M) (with respect to H) is 

x'" n o X =: nx ^ hx^ . 

It may be shown (see e.g. |57]) that for all vector fields X, Y on M we have 

(2.1) J[x^ r^] [X, YY , h[x^ y^] = [x, y]^ 

By the tension of "H we mean the type (J) tensor field t along f given by 
t{X) ■= V[nX,C] , X e Sec(7r). 

Then 

it(X) = [X^,C] , X e X(M). 

Ti is said to be homogeneous if its tension vanishes. We define the torsion and 
the curvature of H by 

T(X, y) V[HX, i?] - V[-Hy, iX] -j[HX, HY] 

and 

R(X,f) -V[HX,Hr] 

(X,y G Sec(-n')), respectively. Evaluating on basic vector fields, we obtain the 
more expressive relations 

iT{X,Y) = [X^.Y"] - - [X,YY 

and 

iR(X,f) = -v[X^y'^]. 

Now we recall an elementary, but crucial construction of Ehresmann connec- 
tions. To this end, at this point we introduce the concept of a semispray and 
spray, the latter will play the leading role in the Dissertation. 

By a semispray over a manifold M we mean a map S : TM — > TTM 
satisfying the following conditions: 

(51) ttm o S ~ Itm] 

(52) S is smooth over TM; 

(53) 3S ~ C (or, equivalently, jS* = 5). 

A semispray S is said to be a spray, if it satisfies the additional conditions 

(54) S is of class over TM; 

(55) [C, S] — S, i.e., S is positive-homogeneous of degree 2. 
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If a spray is of class (and hence smooth) over TM, then it is called an 
affine spray. Following S. Lang's terminology |30) . we say that a smooth map 
S : TM — >■ TTM is a second-order vector field over M, if it satisfies conditions 
(Si) and (S3). Notice, however, that by a 'spray' Lang means a second-order 
vector field satisfying the homogeneity condition (S5), i.e., an 'affine spray' in 
our sense. 

Given a semispray S over M, by a celebrated result of M. Crampin [18] and 
J. Grifone [27], there exists a unique Ehresmann connection % over M such that 

(2.2) n{X)^]^{X^ + [X\S]) 

for all vector fields X on M . % is said to be the Ehresmann connection associated 
to (or generated by) %. The torsion of this Ehresmann connection vanishes. 
Furthermore, we have 

n{5)^\{s + [c,s]). 

If, in particular, 5 is a spray, then 'H{5) = S, and H is homogeneous, i.e., its 
tension also vanishes. 

We define the h-Berwald differentials V'^F e T^in) {F G C°°{fM)) and 
V^y G 7\{t:) {Y G Scc(7f)) by the following rules: 

(2.3) V^F(X) := {HX)F , X G Sec(7f); 

(2.4) V'"Y{X) V'^r V[nX, i?] , X G Sec(7f). 

The operators V'~ (X G Sec('n')) may also uniquely be extended to the whole 
tensor algebra of Sec(-n') as tensor derivations. Forming the h-Berwald differential 
of an arbitrary tensor, we adopt the same convention as in the vertical case and 
in general, see (|1.3p . We note that the tension of H is just the h-covariant 
differential of the canonical section, i.e., t = V^5. So the homogeneity of Ti. 
means that 

(2.5) V^(5 = 0. 

We may also consider the graded derivation dh associated to the horizontal 
projector h = H o j; then we have 

(2.6) y'"F 0]= di,F {F ^C°°{fM)). 

From the operators and wc build the Berwald derivative 
V : (C, Y) G X(TM) X Sec(7f) 1 — > V^F := V^^Y + V^'^? G Sec(:n-). 
Then, by ([TTSl) and (|^ . 

v^r = j[vC,Hr] + v[he,ir]. 

In particular, 
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^ixY = V^^y , V^^r = V%Y ;X,Ye Sec(^); 

(2.7) Vxv? = , iVx>.r = [x\y''] ■,X,Ye X{M). 

Lemma 2.1 (hh-Ricci identity for functions). Let % be a torsion-free Ehres- 

o 

mann connection over M . If f : TM — > M is a smooth function, then for any 
sections X , Y in See('n') we have 

(2.8) VV(^, y) - V^VV(?, X) ^ -iR(X, Y)f. 

Proof. It is enough to show that formula (|2.8p is true for basic vector fields 
X,Y ^ Sec(7r). Then 

(v^vV)(^, Y) = (Vx.(vV)) (?) = x'Y'f - vV(Vx^y) = 

and in the same way 
So we obtain 

[X\Y']f - (F[X, y]^)/ = i[X\Y'] - [X, Y]')f = i[X\Y'] - h[X\Y'])f = 

v[x^y^]/ = -iR(x,?)/, 

which proves our assertion. □ 



Proposition 2.2 (general Bianchi identity). If % is a torsion-free Ehresmann 
connection and R is the curvature ofH, then for any vector fields X, Y , Z on 
M we have 

(2.9) 6 (V^R)(X,y,Z) = 0. 

{X,Y,Z) 

Proof. 

(v'^R)(x, y, z) = (VxhR)(y, z) = Vjfh(R(y, z)) - R(Vxhy, z) - 
R(y, Vx^z) ^ v[x^ iR(y, z)] - R(v[x^ y^], z) - R(y, v[x^ z^]) = 
v([x^ [y, zji^ - [y^ zi^d + v[(J + F)[x^ y^], z^] + v[y\ (J + F)[x^ z^]] = 
v([x\ [y, z]^] - [y^ z^]] + [F[x^ y^], z^^] + [y^ F[x^ z^]]). 

By the Jacobi identity, 6 [X^, [y^, Z^]] = 0. Hence, applying the vanishing 

{X,Y,Z) 

of the torsion of T-L we obtain: 
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6 (\7^R)(X,Y,Z) = V e \X^,\Y,Z]^] + 

{X.Y.Z) (X,Y,Z) 

v([^[x^y^],z^] + [F[y^z"],x'^] + [F[z^x^],r^])+ 

v([r^F[x^z^]] + [x^F[z^y^]] + [z^F[y^x^]]) = 

V © [x^[y,z]'^] + v[F([x^y^]-[r^x^]),z^] + v[F([r^z^]- 
[y^ [z, x]^] + [[z, x]^ y^] + [z^ [x, Yt\ + [[x, y]\ z^]) = 0. 



Chapter 3 

The Berwald curvature of 
an Ehresmann connection 

In this section we specify an Ehresmann connection % over M, and consider 
the Berwald derivative V — (V'^, V^) induced by %. As in the general theory, 
we denote by By the curvature tensor of V. By the Berwald curvature of % we 
mean the type (g) tensor field B along f given by 

(3.1) B(X, Y)Z := B^iiX, 'HY)Z = V^^ V^^Z - V - V^.^^^jZ, 

where X, Y, Z are vector fields along f. 

Lemma 3.1 For any vector fields X, Y ,Z on M we have 

(3.2) B{X, Y)Z - F[y^ Z"]] = (V^V^Z)(X, Y), 
or, equivalently, 

(3.3) iB{X, Y)Z = [X\ [y\ Z^]] = [[X\ Y^Z'']. 
Froof. 

B{X, Y)Z B^{X\Y^)Z = Vx»VyhZ - Vy^^x^Z - V[xv,yh]Z = 
Wx^{V[Y\ Z''])=j[X\no V[Y\Z'']] = 

(F + j)[Y\z^]] =i[x\ F[r^ z^]]. 

On the other hand, 

(v^v^z)(x,y) = Vx»(v'^z)(y) = VxvVyhZ = j[x^HVyhZ] = 
j[x\HoV[Y\z^]] =j[x^F[y^z^]], 

thus relations (|3.2p hold. To prove the remainder, observe that 

= [j,x"](F[r\z^]) = [v[y^z^],x^] - j[F[r\z^],x"] = 
-[x\ [y\ Z"]] + 3[X\ F[y^ Z"]], 
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and hence 

Finally, using the Jacobi identity we obtain that [X\ [y^ Z^]] = y^], Z^]. 

□ 

Lemma 3.2 T/ie Berwald curvature of an Ehresmann connection is symmet- 
ric in its first and third variable. If the torsion of the Ehresmann connection 
vanishes, then the Berwald curvature is totally symmetric. 

Proof. Keeping the notation of the previous lemma, iB{X, Y)Z = 
[X", Since 

= [x\ [r^ z"]] + [y^ [z\ x"]] + [z\ [x\ y^]] = 
[x\ [y\ z^]] - [z\ [y\ x^]] = iB(x, y)z - iB{z, y)x, 

B is indeed symmetric in its first and third variable. If the Ehresmann connection 
has vanishing torsion, then 

[X^ Z"] - X^] - [X, Z]" = {X,Z € X(M)), 

and hence 

iB(y, x)z = [y^ [x^ z^]] = [y\ [z^ x^]] + [y^ [X, z]^] = 
[y^[z^x^]] = iB(y,z)x. 

Thus, if the torsion vanishes, 

iB(X, y)Z = iB(Z, y)X = iB(Z, X)Y = 

iB(y, x)z = iB(y, z)x = iB(x, z)y. 

□ 

Lemma 3.3 The tension and the Berwald curvature of an Ehresmann connec- 
tion are related by 

(3.4) B(X, Y)5 ^ V^t(X, y) ; X,Y e X{M). 

Proof. By an important identity, due to J. Grifonc, for any vector field ^ on 
TM we have 

(3.5) J[J^,^]=Je, 

where 5* is an arbitrary semispray over M ( |27j , [62j ) . Since Tio S is a semispray 
over M , this implies that 

Vjj^J =j[iX, HoS]=X ;X € X{t). 
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So we obtain 

v.Y"(t(y)) - Vy.x - v[x\ Y^] = Vxv(t(y)) - v[y^ x^] + v[r^ x^] = 
(Vxvt)(y) = (v^t)(x,y), 

as was to be proved. □ 



Corollary 3.4 // the torsion and the vertical differential of the tension of an 
Ehresmann connection vanishes, then its Berwald curvature has the property 

(3.6) (5 e ^ B(x,r)z = 0. 

□ 



Lemma 3.5 The Berwald curvature of a homogeneous Ehresmann connection 
is homogeneous of degree —1, i.e., 

V^B ^ VcB = -B. 

Proof. Using the first relation in (|1.12p , the Jacobi identity (repeatedly) and 
the homogeneity of Ti, for any vector fields X, Y, Z on M wc get 

i (VcB) (X, Y, Z) = iVc(B(X, Y)Z) = J[C, HB(X, Y)Z] = 
[J, C]'HB{X, Y)Z - [iB(X, Y)Z, C\ = iB(X, Y)Z - [[X^ Z^]], C] = 

iB(x, Y)z + z\c\x'\ + [[c, x\ z^]] = 

= -\\\z\ciY\x-\ + = 

-\^Z\Y\X-'\ = -\X\ [r^Z^]] = -\B{X,Y)Z. 
This proves the lemma. □ 



Lemma 3.6 (vh-Ricci formulae for functions and sections). If F is a smooth 

function on TM and Z is a section along t, then for any sections X, Y in 
Sec('^) we have 

(3.7) V^V'^F(X, Y) = V*^ V^E(y, X)] 

(3.8) VV^ZiX, Y) - V^V^Z(y, X) = B{X, Y)Z. 

Proof. The expression on the left-hand side of ()3.7p is 

V^V^f (X,F) = (VijxV^F)(r) (iX)CHy)E - V^E(Vi_j?) = 
(il)(Hy)E - (HV.^Y)F = {iX){HY)F - h[iX, HY]F. 

The right-hand side of (|3.7p can be written in the form 
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V^V^i^(r,X) = {V^yVFjiX) = {■HY){iX)F -VFi'^nyX) = 
{HY){iX)F - (iV„yX)i^ = (■HY){iX)F - v[nY, iX]F, 

so their difference is 

[iX, HY]F + v[HY, iX]F - h[iX, HY]F = 0. 

This proves relation p.7p . Relation p.Sp may be checked by a similar calculation: 
We have, on the one hand, 

W^W'ZiX, Y) = V,^V^yZ - y^^^^^yZ. 
On the other hand, 

v^v^^(r, X) = ^^y^,^z v.^^^^z. 

Since .^^Y - iV^^X = h[iX,-Hr] - ^\KY :\X\ = [iX,^?], it follows that 
the difference of the left-hand sides is indeed B(X, Y^Z. □ 

Lemma 3.7 (vh-Ricci formula for covariant tensors). Let A G s > 1. 

For any sections X ,Y , Zi, . . . Zg along f we have 

(3.9) 

V^V^ A(X, yX,--^)- V^A(y, X, . . . z;) = - ^ A(Z;, . . . , B{X, Y)ZI, 

Proof. For brevity, we sketch the argument only for a type (2) tensor A. It 
may easily be shown that the left-hand side of p.9p is tensorial in its first two 
variables (actually, in all variables), so we may chose in the role of X and Y 
basic vector fields X, Y. Then 

j7-v^A^x,r,z;,z;) = x;;^(y^A(zi,z;)) --xM.(VyH^,g) - _ 

X^A(Zi, VyhZs^-r'A^Vx-^i, Z2)+A(Vyhyx»Zi, %)+A(Vjf.Zi, Vy.Za)- 
Y'A{Z,,Vx^Z2) + A(VyhZi, Vx»^2) + A(Zi, Vy. Vx»^2); 

J7^V^A(y, X, Zi, Z2) = Y\X''A{Zi,Z2)) -Y\A{\/x^zl, Z2) ~ _ 
r^A(Zi, VxvZ2)-]r'^^]A(Zi, Z2)+A^Vjyh,xv]^i, ^2)jf A(Zi, V[y.,x"]^2)- 

X^A(VyhZi, Z2) + A(Vx-'VVh^1, Z2) + A(VyhZi, Vx»%) - 

X^A(Zi, Vy.Za) + A(VxvZi, Vy.Za) + A(Zi, Vx- VyhZs), 
and after substraction we get 

v^v^A(x,S^z^,z^) - v|y^A(r,x,zi,Z2) = 

A(Vyh Vx"Zi - Vx-VyhZi - V[yh^X"]^l, ^2) + 
A(Zl, Vyh Vx"Z2 — VA'''VyhZ2 — V[yh X"]^2) = 

-A{B{X,Y)Zi,Z2) - A{Zi,B{X,Y)Z2)- 
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□ 

Proposition 3.8 An Ehresmann connection % over M has vanishing Berwald 
curvature, if and only if, there exists a ( necessarily unique ) covariant derivative 
operator D on the base manifold M such that for any vector fields X , Y on M 
we have 

(3.10) [X^,^]^ (DxYY . 

Proof. The sufficiency of the condition is immediate: if there exists a covari- 
ant derivatve operator D on M satisfying (|3.10p . then for ah vector fields X, Y, 
Z on M we have 

iB(X, Y, Z) ^ [x\ [r^ Z']] ^ [X\ [DyZY] = 0, 

since the Lie bracket of verticahy Hfted vector fields vanishes. 

Conversely, if % has vanishing Berwald curvature, then for all vector fields 
X,Y,Z in X(M), 

This implies that \Y^ , Z^] is a vertical lift, so we may define a map 
D : X{M) X X(A/) -> X{M) , (F, Z) t-> 

by 

{Dyzy ■= 

It is easy to check, that I? is a covariant derivative operator on M . For example, 
if / e C°°{M), then 

{Dyfzy := [y^ [fzy] = r^i = (fV)^" + ^[^^ ^i = 

{YfYZ' + ifDyZy = {{Yf)Z + fDyZy , 

hence 

DYfZ={Yf)Z + fDYZ. 

Similarly, 

{Dfyzy := = = 

_(^vyv^yh _^ jvjyh^ ^v] ^ ^v] ^ {fDyZy , 

which implies that 

DfyZ ^ fDyZ. 

The other rules are immediate consequences of the definition of D. □ 
Relation (|3.10p can also be written in the form 



19 



so it is reasonable to call an Ehresmann connection h-basic or briefly basic, if 
it has vanishing Berwald curvature, since in this case the Christoffel symbols of 
the h-covariant derivative do not depend on the direction. More generally, we 
say that an Ehresmann connection is weakly Berwald if the trace of its Berwald 
curvature vanishes. 

We shall use similar terminology for sprays. A spray will be called Berwald, if 
its associated Ehresmann connection has vanishing Berwald curvature, and will 
be called weakly Berwald if the Berwald curvature of its associated Ehresmann 
connection is traceless. 



Chapter 4 



The affine curvature of an 
Ehresmann connection 

Wc continue to assume that an Ehresmann eonneetion T-L is specified over 
M, and consider the Bcrwald derivative V — (V*^, V^) determined by Ti.. By the 
affine curvature of % we mean the type (g) tensor H along f given by 

H(X, Y)Z := R^{HX, nY)Z ; X,Y,Z e Sec{T[). 

This tensor was essentially introduced by L. Bcrwald (HZ]) in terms of the classi- 
cal tensor calculus and in the more specific context of an Ehresmann connection 
associated to a spray. So we think that it is appropriate to preserve his termi- 
nology. To indicate the meaning of the affine curvature, we remark, that if an 
Ehresmann connection is basic with base eovariant derivative D on M , then its 
affine curvature may be indentified with the curvature of D. More precisely, we 
have 

iH{X, Y)Z = {R^{X,Y)Zy ; X,Y,Z e X{M). 

According to Z. Shen's usage, we say that an Ehresmann eonneetion is 
R-quadratic if V^H = 0, i.e., the affine curvature "depends only on the po- 
sition" . 

Now we formulate and prove in our setting some basic relations found by 
Berwald. The first observation, roughly speaking, is that the affine curvature is 
just the vertical differential of the curvature of "H. The exact relation between 
H and R is formulated in 

Lemma 4.1 For all X,Y,Z e Sec(^), 

(4.1) H(x,y)z = v^R(z,x,r). 

Proof. It is enough to check that (|4.ip is true for basic vector fields X,Y, Z 
along f. Then, on the one hand. 
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v[x^[r^z^]] - v[r^[x^z^]] - v[[x,y]\z^] = 
v{[-z\ [x^ r^]] + [z^ [X, Yf]) = [X, r]^ - [x^ y^]] = v[z^ iR(x, ?)]. 

On the other hand, 

v^R(z,x,y) = (Vz»R) ^ Vz»(R(x,y)) ^ j[z\HR(x,y)] = 

Now, taking into account the second relation in (|1.12p . 

= [J,z^]F[x^y^] = [JF[x^y^],z^] - j[F[x\y^],z^] = 
[v[x\y^],z"] - J[F[x^y''],z^] = [z^iR(x,y)] + J[z^F[x^y^]] = 
iv[z^ iR(x, y)] + 3[z\ F[x^ y^]], 

hence 

v^R(z, X, y) = F[x^ y'^]] = v[z\ iR(x, y)] = h(x, y)z. 



Lemma 4.2 IfH is a homogeneous Ehresmann connection, then the curvature 
of % may be reproduced from the affine curvature, namely, we have 



(4.2) R(X, y) = H(X, Y)S ; X,Y e Sec(7r). 

Proo/. 

H(X, Y)S := V„^V^^~.<5 - V„^V„_^<5^- V^^^^^y^S ^ 

Since Ti o S ~ S is a spray, we obtain that 

H{X,Y)S = -i-^3[3F[nX,nY],S] ^-^i-^JF[HX,HY] = 

-v[nx,nY] = R(x,y), 

as we claimed. 



Corollary 4.3 // an Ehresmann connection is homogeneous, then its curvature 
R is homogeneous of degree 1, i.e., V^R = R. 

Proof. For any vector fields X, Y on M, 

(VcR)(x, y) = v"R((5, X, Y) *P H(x, y)5 ^ R(x, y). 
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□ 



Lemma 4.4 The affine curvature of a homogeneous Ehresmann connection is 
homogeneous of degree zero, i.e., VcH = 0. 

Proof. By a similar technique as above, we have for any vector fields X, Y, Z 
on M : 

i(VcH)(X,y,Z) = iVc(H(X,y)Z) ^ iVcVz^{R{X,Y)) = 
iVcj[^^ nR{X, Y)] = J[C, h[Z^ HR(X, Y)]] = J[C, [Z\ nR{X, Y)]] ^ 
-3{[Z\ [HRiX, Y), C]] + [HRiX, Y), [C, Z^]) = 
-J([h[C,-HR(X,f)],Z^] - [■HR(X,y),Z^]) = 0, 

since 

HR{x, Y) ^ n\/c{R{x, Y)) = nj[c, nR{x, 9)] = h[c, hr{x, y)]. 



Lemma 4.5 (Bianchi identities). Let % be a torsion-free Ehresmann connec- 
tion, and let (V^,V^) he the Berwald derivative determinded by %. For any 
sections X , Y , Z , U in Sec(^) we have 

(4.3) ^6^H(l,y)Z = 

{X,Y,Z) 

and 

(4.4) V^H(X, r, Z, U) - V''B(r, X, Z, U) + V^B(Z, X, Y, U) = 0. 

Proof. Since the expressions on the left-hand sides are tensorial in each vari- 
ables, we may use basic vector fields X, Y, Z, U in our calculations. 

First we show the cyclicity property (|4.3p of H. Taking into account the first 
partial result in the proof of I4.f [ we get 

iH{X,Y)Z= [Z\iR{X,Y)] = [Z^ -v[X^ F*^]] = 

[z^ [X, r]^] - [z\ r^]] = [z^ [x, r]^] + [x\ [y\ z']] + [y^ [z^ x\ 

In the same way, 

iH(y, z)x = [x\ [Y, z]^] + [z^ x^]] + [x\ y% 

iH(Z, X)Y = [Y\ [Z, Xf] + [Z^ y^]] + [X^ [Y\ Z% 

Now adding these three relations and applying the vanishing of the torsion of 
% repeatedly, we obtain 

i(H(x,y)z-t-H(y,z)x + H(z,x)f) = [x^[y^z"] - [2■^y^]]-f 
[y^ [z\ x""] - [x\ z'"]] + [x^ y^] - [y^ x^]] + [x^ [y, z]^] + [y\ [z, x]^] + 
[z\ [X, y]^] = [x\ [y, z]^] - [[y, z]^ x^] + [y^ [z, x^] - [[z, x]^ y^] + 
[z^ [X, y]^] - [[X, Y]\ z^] = ([X, [y, z]] + [y, [z, x]] + [z, [x, y]])^ = o. 
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which proves that the cychc symmetrization of H is 0. 

For (|4.4[) . we use the differential Bianchi identity proved in the context of 
general vector bundles in Chapter 1, (D). Applying (|1.7p to the curvature tensor 
and the triplet Z^), we obtain: 

= ( & {Vx^{R^{Y\Z^))-R'^{[X\Y%Z^)))iU)^ 
(x^Y^zl') 

Vx" (i?^ {Y^ ,Z^)U) + Vyh (i?^ (Z^ ,X'')U)-R"^ {Z'" , X^) Vyh + 
Vz^{R^{X\ Y^)U) - R^{X\ Y^)Vz>^U - Y%Z'')U - 

R^(^[Y^^z^],x'')u - i?^([z\x^],r^)c/ = 

Vx»(H(y, Z)U) - Vy^(B{X, Z)U) + B(X, Z)VyhC/ + V^h (B(X, y)t/) - 
B(X, Y)^z^U + R^iWy^X, Z^)U + [y^ Z'"])U - R^{iVz«X, Y^)U = 

V"H(X, y, [/) - Vyh(B(X, Z)C/) + B(VyhX, + B{X, Z)Vy^U + 

v^h (B(x, f)c/) - B(V;jhX, y)c/ - B(x, y)V2hC/ + b(x, [YTi]);/. 

Since the torsion of % vanishes, 

%z] = v[Y, zY = v[y\ z^] - v[z^ y^] = VyhZ - v^hf, 

and hence 

b(x, [i^)c/ = b(x, VyhZ)c/ - b(x, v^h?);/. 

Thus finally we obtain 

V^H(X, y, Z, U) - Vyh(B(X, + B(VyhX, Z)U + B(X, Vy^Z)U + 
B(X, Z)VyhC/ + V^h (B(X, y)C/) - B(V2hX, y)c/ - B{X, Vz^Y)U - 
B(X, Y)\Iz^U = V^H(X, f, Z, U) - V''B(f, X, Z, U) + V''B(Z, X, U). 

This concludes the proof. □ 

Remark. If the Berwald curvature is totally symmetric, then V^B is also 
totally symmetric in its last three variables. (This may be seen immediately.) 
So it follows that if an Ehresmann connection has vanishing torsion and hence 
totally symmetric Berwald tensor, then we also have 

(4.5) v^H(x, y, z, u) - v^B(y, z, X, u) + v^B(z, y, x, u) = o. 

Lemma 4.6 (hh-Ricci formulae for sections and 1-forms). IfH is a torsion-free 
Ehresmann connection, then for any section Z e Sec(-n') and 1-form a G 'J?('^) 
we have 

(4.6) v^v^z(x, y) - v^v^z(y, x) = h(x, y)z - v^z(r(x, y)), 

(4.7) 

v'"v'"a{x, y, z) - v^v^5(y, x, z) = -5(h(x, y)z) - v^5(r(x, y), z), 
Cx,y,z e x(Af);. 
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Proof. 

and, similarly, 
Hence 

VxhVyhZ - Vyh VxhZ + V•HV([y^X"]-[x^y"])2■ = 
H(X, F)Z + V ^Y'']-{F+j)[x.YY Z = 'H.{X,Y)Z +y[x\Yi>]~[x,Y]''Z = 
H{X, Y)Z - V,^^x,Y)Z = H(X, Y)Z - V^Z(R(X, ?)), 

which proves relation (|4.6p . Relation (|4.7p can be checked in the same way. □ 

Now we suppose that the Ehresmann connection % is associated to a spray 
S. Then, as we have already mentioned, % is homogeneous and torsion-free. The 
type (J) tensor field K along f defined by 

(4.8) K(X) := V[5, UX] , X € Sec(7f) 

is said to be the affine deviation tensor (L. Berwald |17| ) or the Jacobi endo- 
morphism (W. Sarlet et al. j34j ) of the spray S, or of the Ehresmann connection 
associated to S. The homogeneity of S implies that S = HS, so it follows that 

(4.9) K{X) = V[HS, HX] = -R{S, X) = R{X, 6). 

Corollary 4.7 The affine deviation tensor of a spray is homogeneous of degree 
2. 

Proof. For any vector field X on M 

(VcK)(X) = Vc(K(X)) Vc(R(X,5)) = 
(VcR)(^, 6) + R(X, (5)'p2R(l, S) = 2K{X). 

This proves our claim. □ 

In view of (|4.9p . the affine deviation can immediately be obtained from the 
curvature of the Ehresmann connection. The converse is also true: 

Proposition 4.8 Let S be a spray over M , and let % be the Ehresmann con- 
nection associated to S. Then the curvature and the affine deviation of % are 
related by 

(4.10) R(X, Y) = i(V^K(f , X) - V^K(X, Y)) ; X,Y e Sec{n). 
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Proof. Let X, Y be vector fields on M. Then 

V^K(y,X) - (VyvK) (X) = Vyv(K(X)) Vy»(R(X,5)) = 
(VyvR) (X, 5) + R (Vy.X, (5) + R (x, Vyv^j = V^R(r, X, S) + R(X, f). 

Similarly, 

VKiX, Y) = V"R(X, y, 5) + R{Y, X), 

therefore 

v"K(r, X) - v^K(x, y) = v^R(y, <5) - v^r(x, y, ,5) + 2R(1, y) ^ 

U{X, 6)Y - H(y , S)X + 2R(X, F) = H(X, ,5)? + H(5, Y)X + 2R(X, F) 
-li{Y,X)6 + 2R.{X,Y) = H(X,y)(5 + 2R(X,y)'p3R(X,y). 



Corollary 4.9 For the trace of the curvature of a spray we have 

(4.11) trR = i(V^trK - trV^K). 

3 

Proof. For any section X in Scc(^), 



(trR)(X) := tr(Z ^ R(Z,X)) ^ itr(Z ^ (V^K(X,Z) - V^K(Z,X))) = 

-i(trV^K)(X) + itr(Z ^ {V,^K){Z)) i(V,^(trK) - (trV^K)(X)) = 

i(V"trK-trV"K)(X), 
o 

using at step (*) that trace operators and covariant derivatives commute. □ 

Remark. As we have already mentioned in the Introduction, Berwald's 
starting point in his famous posthumus paper |17| is a SODE of form 

(4.12) {x')" + 2G\x, x') = , i e {1, . . . , n} , 

where 

iU C M is a coordinate neighbourhood). 

As a first step, Berwald deduces the following 'equation of afBne deviation': 

where 

as as oy 
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and the functions 

^ ^= ^ - d^y^ + - ^^^^ , J G {1, . • ■ , n}) 

are the components of a type (J) tensor, called affinen Abweichungstensor by 
Berwald. It may easily be checked that our tensor K is indeed an intrinsic form 
of the tensor obtained by him in this way. 

In the second step, Berwald introduces the 'Grundtcnsor der affinen 
Kriimmung', giving its components by 

Proposition 14.81 shows that this is just the curvature of the Ehresmann connec- 
tion which may be associated to the SODE (|4.12p . 

Finally, in the third step, Berwald defines the 'affine Kriimmungstensor' by 
its components 

TO 

In view of Lemma |4.1[ this is just our tensor H. 

Some very specific forms of the Jacobi endomorphism lead to important 
special classes of sprays. Namely (cf. [28], [69]), we say that a spray is 
flat, if 

(4.13) K = Alg^^(0, ,AGC- (TM); 
isotropic, if 

(4.14) K = Alg^^^o^ + 5 5 ; A e C°°(TM) , a £ 7°{f[). 

Condition of flatness is very strong: it implies that K, and hence R and H 
vanish. Indeed, we have 

whence A = and K = 0. (If 5 is only a semispray, then such a radical conclusion 
is not possible.) 

We show that in the isotropic case we have 

A = ^-trK, 

n — 1 

tr(5 0(5) = 5((5) = -A = — —trK, 

1 — 71 

VcS = a , i.e., a is homogeneous of degree 1. 
To this end, observe first that 
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= R((5, S) ^ K{S) ^ A((5) + aiS)6 = (A + 

hence = —A. Now, taking the trace of both sides of ()4.14p . we obtain 

trK = n\ + a{S) = ?iA - A = (n - 1)A, 

whence A = :^^trK. Since K is homogeneous of degree 2 by Corollary 14. 7[ trK 
has the same homogeneity property, so 

VctrK = trVcK = 2trK. 
Then 5 ® (5 = K — ^;^^^trK^ 1 is also homogeneous of degree 2, so we have 
2(5 (g) (5) = Vc(a ® (5) = (VcS) (»5 + a(^5, 

hence 

Vca (8i 5 = 5 i5, 
and, therefore, for all X G j£(Af) we have 

(yca){X)S = a{X)S. 

This implies the desired relation Vc5 = 5;. ^ 

We note finally that the 1-form a is unique. Indeed, if a 1-form /3 also satisfies 
([434i) . then for all X e X(M), 

(K - A1)(X) = 5(X)(5 and {K - X1){X) ^ PiX)S, 

which implies the equality a = (3. 



Chapter 5 

Projectively related sprays 



We recall (for details, see [52], [60], [61], [62]) that two sprays S and S 
over M are said to be (pointwise) projectively related, if there exists a function 

P : TM R, on TM, smooth on TM, such that 

(5.1) S = S-2PC. 

The projective factor P in ()5.1|) is necessarily positive-homogeneous of degree 
1, i.e., CP = P. If A is a geometric object associated to S, then we denote by A 
the corresponding geometric object determined by S. The following well-known 
relations may easily be checked: 

If H is the Ehresmann connection associated to 5*, then 

(5.2) 7Z = H-Pi- V^P®C, 

(5.3) h = h - PJ - (V^P o j) C = h - PJ - djP (8) C, 

(5.4) X'^^X''- PX" - {X''P)C {X e X(A/)), 

(5.5) V = V + Pj + (V^P o j) ® ,5 = V + Pj - rfjP ® (5. 
We also have the less immediate 

Lemma 5.1 

(5.6) = V*^ - PV^ - V^P ® Vc + V^P 1 + V^V^P ® 6, 

where the symbol denotes symmetric product (without any numerical factor), 
and 1 € 71 (tt) is the unit tensor. 

Proof. Let X and Y be vector fields along f. Then 
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V^j^y = iY] ^ V[nX - P\X - V^P(X)C, iY] = 

V\HX^Y] + v{\Y{P)iX - P[iX,\Y]^ +V (\Y{iXP)C -iX{P)[C,iY]^ ^ 

V[HX,iY] - P][iY,HX] - {3[iY ,nX]P)5 + iY(J')X - Pi-^[iX,\Y] + 
iY{iXP)5 - iX{P)i-^[i5, lY]. 

An easy calculation shows that 

i-^[iX,\Y]^V,^Y~V,yX, 
i-^W, iY] = VcY - V,y5 = VcF - Y, 

so we obtain 

v^x, y) ^ v^^^r = v„^r - pv^^I - (iV;^x)P5 + \y{p)x - pv.^y + 

py.yX + iiY{ix)p)s - ixiP)VcY + ix{p)Y = v„^y - PV'-Y - 
v^p(x)Vc?+v^p(x)y+v^p(r)x-(^iViyx) PcJ+^iVj^x - iVjj^y) ps+ 

{iX{iY)P)S = (V'^ - PV^ - V^P ® Vc + V^P 1 + V^V^P ® F). 



Corollary 5.2 For a/Z vector fields X , Y on M , 

(5.7) v^hF = v^hF + (x^p)y + (y^p)x + x^(r^p)j, 

(5.8) Vs? = Vs? + py + (y"P)(S. 

Proof. Since 

v^(x,y) = Vxvy = 0, 
Vc? =j[c,yi = -jy^-o, 

for basic vector fields X, Y relation (|5.6p leads to (|5.7p . As to the second relation, 
observe that 

h 5 = (h ~ PJ - (V"P o j)C)(S' - 2PC) ^S-PC- (CP)C ^S- 2PC = S. 
Hence 

v^y = Vj^ ^y = vjjy ^ vljy - pv^y - v^p((5) Vc? + v^p(,5)y + 
v^p(y)(5 + v^v^p((5, y)(5 = VsY + PY + (y^p)^, 

since 

v"v"p((5,y) = Vc(v"p)(y) = c(y"p) = 
[c, y^]p + y^(cp) = -y^p + y^p = o. 
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□ 

It was shown in [62] , that the Berwald curvatures of S and S and their traces 
are related by 

(5.9) B = B - V^V^P 1 - V^V^V^P (5 
and 

(5.10) trB = trB-(n + l)V^V^P, 
respectively. 

From relation (|5.10p it follows at once that the trace of the Berwald curvature 
is a projective invariant of the spray, if and only if, the projective factor satisfies 
the PDE 

(5.11) V^V^P = 0. 

However, this relation gives also the criterion of the projective invariance of the 
Berwald curvature. 

Indeed, if P satisfies JSJH), then (fO|) yields B = B. Conversely, if B B, 
then trB = trB, and ([ETU)) implies that V^V^P = 0. 

Now we determine the solutions of this PDE in an index-free manner. 

Proposition 5.3 The Berwald curvature of a spray S is invariant under a 
projective change S = S — 2PC, if and only if, the projective factor is of form 

(5.12) P = i^a' =:a , aeX*{M), 

where ^ is an arbitrary second-order vector field over M. 

Proof. First we check that the functions given by (|5.12[) solve (jS.lip . To do 
this, observe that for any vector field Y on M, 

(5.13) y^a = (a(r))\ 
Indeed, 

The first term on the right-hand side vanishes, since for any vector field X on 
M we have 

(£y.a^)(X^) y^(a^(X^)) - a^([y^X^]) 0, 
(LyaliX^) = Y^ia^iX^)) - a''i[Y\X^]) = y^(a(X))^ - a^([y,Xf ) = 0. 
As for the second term, it is known (see e.g. [57], 3.2, Corollary) that 

[Y\C]=Y^ + 7j ,7^eX''(TM), 
Y^a = ([y\ ^]) = a^(y=) + {r,) = («(y))^ 
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as we claimed. 

Now, for any vector fields X , Y on M, 

V^V^a(X,y) = (Vx»V^a) (?) = X^(V^a(y)) = X^(r^a) X^(a(r))^ = 0, 

therefore the functions a, where a £ X*(M), solve our PDE (|5.1ip . 

We show that these solutions satisfy the homogeneity condition Ca = a. 
We may suppose that ^ is homogeneous of degree two, i.e., [C,£] = ^, since the 
definition of a does not depend on the choice of ^. Then we obtain 

since Lca^ = 0. 

Conversely, if V^V^P = 0, then for aU X,Y e X(M), 

= v^v^p(x, Y) = (Vjf»(v^p))(r) = x^(y^p). 

Then Y^P is the vertical lift of a smooth function on A/, therefore it is of form 

Y'P - y^a , a e X*(M). 

Since K is arbitrary, this implies that 

P = a + r ,feC°°{M). 

However, the homogeneity condition CP = P forces that / = 0, since Ca = a 
and Cr = 0. □ 



Corollary 5.4 ^ Berwald or a weakly Berwald spray remains of that type under 
a projective change, if and only if, the projective factor is given by i5.1S\) . 

□ 

It was discovered by J. Douglas [23] that from the Berwald curvature it is 
possible to construct a projectively invariant tensor. After him, this tensor is 
said to be the Douglas curvature of the given spray; we denote it by D in the 
following. An index-free description of the Douglas curvature is due to J. Szilasi 
and Sz. Vattamany [60]. They worked on the bundle ttm ■ TTM TM and 
applied the Frolicher-Nijenhuis formalism of vector- valued forms. In our setting 
their definition reads as follows: 

(5.14) D := B - -^(trB© 1 + (V^trB) ® (5). 

Directly from (|5.9p and (|5.10p . we see that D is indeed invariant under any 
projective change of the given spray. Observe that for weakly Berwald sprays 
the Berwald and the Douglas curvature coincide. 
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We say that a spray is a Douglas spray if its Douglas curvature vanishes. It 
is immediate from (|5.14[) that a spray is a Berwald spray, if and only if, it is a 
weakly Berwald Douglas spray. 

As the Berwald curvature, the affine deviation tensor (i.e., the Jacobi endo- 
morphism), and hence the curvature and the affine curvature of a spray S are 
not invariant under a projective change S* := S* — 2PC of S. It may be shown 
by a straightforward but quite lengthy calculation ([52], [63]), that the change 
of the Jacobi endomorphism is given by 

K = K + A1„ ,o,+3®(5, 

OCC ( TT ) 

where A 6 C°°(TA/) and a is a 1-form along r. The second-degree homogeneity 
of the Jacobi endomorphism implies that A is homogeneous of degree 2, 5 is 
homogeneous of degree 1. Since K((5) = K((5) = 0, it follows that a{d) = —A, 
hence 

trK = trK + nX + a{S) = trK + (n - 1)A. 
Explicitly (see [53]), 

\^ P^ - SP ,a = 3(V^P - PVP) + Va. 

However, one can construct also from the Jacobi endomorphism projectively in- 
variant tensors. Following del Castillo [22], mutatis mutandis, we define the Weyl 
endomorphism (or, by Berwald's terminology, the projective deviation tensor) 
W° of a spray S by 

(5.15) W° := K 5— (trK)l + — ^(trR) S + 4^(V^trK) (g) 6. 

n — 1 n + 1 n — 1 

Now, on the analogy of (|4.10p and (|4TT]) . let 

(5.16) w(x,r) := i(v^w°(r,x) - V^W°(X,y)); 

3 

and 

(5.17) W*{X, Y)Z := V^W(Z, X, Y) 

{X,Y,Z G Sec(-n-)). Then W°, W and W* are projectively invariant. Using 
Berwald's terminology [17| . we call W and W* the fundamental projective cur- 
vature tensor and the projective curvature tensor of the spray, respectively. No- 
tice that in his book [52] Z. Shen also has constructed a projectively invariant 
tensor of type called Weyl curvature, but it differs from the Weyl endo- 
morphism W°. W°, W and W* have the same homogeneity properties as the 
corresponding affine curvature tensors K, R and H. It may also be shown, as 
Berwald has already pointed out, that the statements 



W° = , W = and W* = 
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are equivalent. When dimM = 2, the vanishing of these tensors holds auto- 
matically; we shall check this in the Finslerian case in Chapter [9] In dimension 
greater than 2 a spray is isotropic, if and only if, one and hence all of the ten- 
sors W°, W and W* vanishes. For two recent proofs of this fundamental fact 
we refer to [20j and [69]; in the next Chapter we shall present a new index- free 
argument in the context of Finslerian sprays. To complete the story, in Chapter 
[9] we shall show that the canonical spray of any 2-dimensional Finslcr manifold 
is isotropic. 

For these purposes, it will be useful to represent the Weyl endomorphism in 
a more convenient form. 

Lemma 5.5 The Weyl endomorphism of a spray can be written in the form 

(5.18) W° = K- K1 + —^{VK -iv\/^K)®5, 

n + 1 

where K := —^trK.. 

n— 1 

Proof. In (|5.15p we replace trK by (n — 1)K and trR by the right-hand side 
of (|4.1ip . Then we obtain 

77 — 1 1 2 — 77 

W° = K - XI + (E)d (trV^K) (g) 6 + VK (S) d = 

77+1 71+1 n + 1 

K-K1 + ^^(V^/y - trV^K) ® S. 

□ 



Chapter 6 



Basic facts on Finsler 
manifolds 

By a Finsler function over M we mean a function F : TM — >■ K satisfying 
the following conditions: 

(Fi) F is smooth on TM. 

(F2) F is positive-homogeneous of degree 1 in the sense that for each non- 
negative real number A and each vector v g TM, we have 

F{\v) = XF{v). 

(F3) The metric tensor 

g := iv^V^F^ G T0(7f) 
is (fibrewise) non-degenerate. 

A Finsler manifold is a pair (Af , F) consisting of a manifold M and a Finsler 
function on its tangent manifold. 

By (Fi) and (F2); F is continuous on TM and identically zero on cr{M). 
The function E := is called the energy function of the Finsler manifold 

o 

(M, F). It is continuous on TM, smooth on TM, and also indcntically zero on 
(j{M). By (F2), E satisfies 

E{\v) = X^E{v) 

for all V G TM and non- negative A G M, i.e., E is positive- homogeneous of 

o 

degree 2. Over TM this holds, if and only if, CE ~ 2E. It may be shown (see 
e.g. [70]) that, actually, E is of class on TM. 
For any vector fields X, F on M we have 

(6.1) 5(x,r) = x^(r^F), 
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from which it follows immediately that g is symmetric. More generally, if X and 
Y are in Sec(^), then 

(6.2) g{X, Y) = {iX){iY)E - {iV.xY)E = {iX){iY)E - 3[iX, nY]E, 
where T-L is an arbitrary Ehresmann connection over M . In particular, we get 

(6.3) g{5,5)=2E. 

A further elementary property of the metric tensor is that it is homogeneous of 
degree 0, i.e., 

(6.4) Vlg = Vc9 = 0. 
Indeed, for any vector fields X, Y on M, 



(Vcg) {X,Y) = Cg{X,Y) ^ C{X\Y''E)) = [C, X'']{Y'' E) + X'' {C{Y'' E)) = 
-X^Y^E + X^([C, Y'']E + Y''{CE)) = -2X''{Y''E) + 2X''{Y''E) ^ 0. 

A Finsler manifold (M, F) is said to be positive definite if the condition 
(F4) F{v) > whenever v G TM 

is also satisfied. It may be shown (see [33]) that in this case the metric tensor 
is (fibrewise) positive definite. 
The type (3) tensor 

(6.5) := iv\g = ^S/^V^V" E 

is said to be the Cartan tensor of the Finsler manifold (Af, F). The vector-valued 
Cartan tensor is the type (2) tensor 6 determined by the requirement 

g{Q{X, f ), Z) = eb(X, Y, Z) ; X,Y,Z e Scc(7r). 

In classical tensor calculus, this change of type is accomplished by 'raising a 
covariant index of Cti'- 

Due to the non-degeneracy of g, there exists a unique vector field C along f 
such that for each section X in Sec(-n-), 

(6.6) ff(e,l) = tre(X). 

C is said to be the Cartan vector field of {M,F). This elegant construction is 
taken from [IT] . 

^ It may easily be seen that Ct, is totally symmetric: for any sections Xi, X2, 
X3 in Sec(-n') and any permutation a : {1, 2, 3} {1, 2, 3} we have 

^\,{Xa{l)^ X„(2)i = Q\,{Xi,X2,X^). 
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Since g is homogeneous of degree 0, it follows that G\, is homogeneous of degree 
-1, i.e., 

(6.7) v^Cb = VcCb = -e^. 

As a consequence of the total symmetry of and the 0- homogeneity of g, we 
get 

(6.8) (5€{x,y,z} ^ ei,{X,Y,Z)^0. 
Indeed, 

2e,is, r, z) = v^5('5, ?, ^) = (Vcff) (?, ^) = o. 

Obviously, the vector-valued Cartan tensor also has an analogous property: 

(6.9) e{X, S) = e{S, X) = , for aU X £ Scc{n). 

Using this, we obtain the following result, which can also be found in [41]. 

Lemma 6.1 The Cartan vector field of a Finsler manifold is g-orthogonal to 
the canonical section, i.e., g{Q,5) = 0. 

Proof Let, as usual, isQ{X) Q{5,X) , X e Sec(7f). Then i^Q = by (lOl) . 
and we have 

g(e, 6) := tre((5) = i^trC = lT{isQ) = 0. 

□ 

It is also known (see e.g. [70] again) that the following assertions are equi- 
valent for a positive definite Finsler manifold {M,F): 

(i) The energy function E of {M,F) is of class C^ (and hence smooth) on 
TM. 

ill) E is the norm associated to a Riemannian metric on M. 

(iii) There exists a Riemannian metric 7 on M , such that 

5(X,r)=7(X,r)or, 
for all vector fields X,Y £ X{M). 

(iv) The Cartan tensor of {M, F) vanishes. 

Surprisingly, a much stronger result, due to A. Deicke [3T] is also true. 
Namely, a positive definite Finsler manifold reduces to a Riemannian mani- 
fold (in the sense of (ii) and (iii)), if and only if, its vector-valued Cartan tensor 

* 

is traceless. By (|6.6p . relations trC = and 6 = arc equivalent. 
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The l-form 

e-.X e Sec(7r) ^ e{X) := g{X,5) £ C°°{fM) 

is said to be the canonical l-form or Hilbert l-form of (M,F). It may be seen 
immediately that 

(6.10) e = F\/''F = VE. 
The section 

(6.11) e-.^^s 

is traditionally called the normalized support element field of (A/, F). To justify 
the attribute 'normalized' we note that 

(6.12) gie,i) = l. 

Indeed, 

The dual form of i is 

(6.13) 4 ^0 = V'F 

r 

since 

(6.14) l,[i) = l^e{5) = ^g{5,5)^l. 

By the angular metric tensor of (M, F) we mean the type (2) tensor 

(6.15) 77 :=5 -4 ®4 = 5- V^F® 
along f. We obtain: 

(6.16) = V^V^F. 

F 

Indeed, for any vector fields X, F, Z on Af we have 

^r^{X,Y) = j{g{X,Y) - F {X)V^ F {¥)) ^ 
l(ix^(yv^2^ - {X^F){Y''F)) = ^{X^{{Y^F)F) - (X" F){Y'' F)) = 
X^iY^'F) = (V^V^F)(X,y). 
We note that (|6T3)) and ((6T6l) imply 

(6.17) V^4 = 
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Lemma 6.2 If {M,F) is a Finsler manifold, then for any vector fields X, Y , 
Z on M we have 

(6.18) W'V^F{X,Y,Z) = ^e^,{X,Y,Z)--^ & (g, rjiX ,Y , Z). 



Proof. 



V^y-y-F{xS.Z) ^ Vx» (jv ) {Y/Z) 



X^ (^i j rj{Y, Z) + jVx^{g - 4 ® 4)(?, Z) = - 1^(X^ F)r,{Y , Z) + 
i (Vx.5) Z)-j (Vx»4) (?)4(^) - j;4(?) (Vx»4) (^) = 

1 (v^4) (x,m(^) - i4(r)v%(x,z) E5J,ram 
|e,(x, ^) - (4 ® Y, + 4 ® ?7(^, ^, ?) + 4 ® ^, ^)) = 

taking into account in the last step that 

V^4(^,^) = ^V{X,Z) = ^{9{X,Z) - {X^F){Z^F)) = 
j{g{Z,X) - {Z^F){X^F)) = V^£,{Z,X). 



Remark. Let Sym denote the symmetrizer defined by 
(SymA)(X,y,Z) ^&^A{X,Y,Z), 

iX,Y,Z) 

if A e TO(^). Let A := fi := V^V^F. Then 

1 V^^^ 
-^4 » = -jr- ® 

and (|6.18p may be written in the more concise form 

(6.19) VV= |;eb-Sym(A®M)- 

r 

If {M, F) is a Finsler manifold, then the 2-form 

^d{\7F^oi) = ddjE 
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is (fibrewise) non-degenerate on TAI by (F3). So there exists a unique map 

S : TM TTM 

o 

defined to be zero on o(A/), and defined on TAI to be tlie unique vector field 
such tliat 

(6.20) isddjE = -dE. 

Then, actually, S is a spray over M, i.e., has the properties (Ci)-(C6). A very 
instructive, but quite forgotten proof of this fundamental fact may be found in 
F. Warner's quoted paper |70j . The spray S will be called the canonical spray 
of the Finsler manifold (M, F) . As we have indicated in the Introduction, the 
structure of a Finsler manifold is considerably determined by the properties 
of its canonical spray. This is reflected by the fact that the conceptually most 
important special classes of Finsler manifolds may be defined entirely in terms 
of their canonical sprays. Namely, a Finsler manifold is said to be 
a Berwald manifold, if its canonical spray is a Berwald spray, i.e., its Berwald 
cuvature vanishes; 

a weakly Berwald manifold, if its canonical spray is weakly Berwald, i.e., its 
Berwald curvature is traceless; 

a Douglas manifold, if its canonical spray has vanishing Douglas curvature; 
isotropic, if its canonical spray is isotropic. 

Positive definite Berwald manifolds have been completely classified by Z. I. 
Szabo [55] , see also [56] . The sytematic investigation of Douglas manifolds was 
initiated by S. Bacso and M. Matsumoto, and in their papers [3]-[7] the theory 
has been considerably developed. A good account on weakly Berwald manifolds 
is the paper [11] by S. Bacso and R. Yoshikawa. 

As we have already remarked and we shall prove soon, isotropic Finsler 
manifolds may be characterized by the vanishing of their Weyl endomorphism. 
Naturally, by the Weyl endomorphism, fundamental projective curvature tensor 
and curvature tensor of a Finsler manifold we mean the corresponding data of 
its canonical spray. 

If TL is the Ehresmann connection associated to S according to (|2.2p , then 

(i) Ti is homogeneous and torsion-free; 

(ii) Ti is conservative in the sense that 

(6.21) dFon = ^ X^F = X^E = , X e X{M). 

Property (i), as we have already learnt, holds for any Ehresmann connection 
associated to a spray. Here the new and surprising phenomenon is property 
(ii), which expresses that the Finsler function (and hence the energy function) 
is a first integral of the horizontally lifted vector fields. We call this Ehresmann 
connection the canonical connection of the Finsler manifold. We note that other 
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terms - Barthel connection, Cartan's nonlinear connection, Berwald connection - 
are also frequently used in the literature. A recent index-free proof of (ii) can be 
found in |64] . In the last section we shall show that the canonical connection of a 
Finsler manifold (M, F) is unique in the sense that there is only one Ehresmann 
connection over M which satisfies conditions (i), (ii). 

Warning. The Berwald connection T-L : TM Xm TM — > TTM associated 
to the canonical spray of a Finsler manifold and the Berwald derivative V = 
(V*^, V^) induced by % are essentially different objects: the latter is a covariant 
derivative operator ('linear connection') in a (special) vector bundle. It will 
sometimes be mentioned as the Finslerian Berwald derivative. 

Now we are in a position to give a new index-free proof of the following 
classical result. 

Theorem 6.3 (Berwald - del Castillo - Szabo). A Finsler manifold is isotropic, 
if and only if, its Weyl endomorphism is the zero transformation. 

Proof. Consider an n-dimcnsional Finsler manifold {M,F). Let S be the 
canonical spray of {M, F), and K the Jacobi endomorphism of S. First we show 
that 

V^F o K = 0. 

Indeed, for any vector field X on M, 

V^i^(K(X)) = iK{X)F = v[S', X^]F ^ [S, X^]F - h[S, X^]F = 0, 

since the horizontal vector fields kill the Finsler function. 

Now suppose that (M, F) is isotropic. Then the Jacobi endomorphism of S 
can be written in the form 

K ^ Kl + a S , K -.^ trK , a £ 7°(7r) 

n — 1 

(see the last paragraphs of Chapter H]) . By our previous observation, for any 
vector field X on M we have 

= V'FiKiX)) = VFiKX) + V''F{5{X)S) = K{X''F) + a{X)CF = 

KV''F{X)+a{X)F, 

hence a = —^VF. So it follows that the Jacobi endomorphism of an isotropic 
Finsler manifold may be written in the form 

(6.22) K = X(l-4v^F®5) = i^(l-4®£), 

F 

therefore its Weyl endomorphism takes the form 

W° = (V^A' - trV^K - (n + 1) — V"F) ® <5. 



Now we evaluate the vertical differential V^K at a pair {X,Y) of basic vector 
fields: 
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V^K(X, Y) = Vxv(K(y)) = ^x^{KY - ^{Y'F)6) = 
F F 

^{X'F){Y^F)S- ^{X'K)(Y^F)S-^X\Y^F)S-^{1^V''F){X,Y). 
Thus we find 

F F F 

In the next step we calculate the trace of the right-hand side of this relation, 
term by term. 

In view of (|1.9p . for any basic vector field X on M we have 
t^triW^K ® 1) = tr(V"X (E)X)^ V"X(X), 

hence 

tiiV'K (g)l) = V^K. 

Applying (|nO)) . 

tr(V^F ® V^F ® (5) = i5(V"F ® V^F) = V"F(<5)V^F = (CF)V"F = FV^F. 
By our inductive definition (jl.9p again, 

tr(V^X «) V^F ® <5) = tr(V^X «) X^F ® (5) = 



X^Ftr(V^X «) (5) ^ {X^F)CK =^ 2KV''F{X), 

since the second-degree homogeneity of K implies that the function K is also 
(positive-)homogencous of degree 2. 
As to the fourth term, 

tr(V^V^F (g> S) ^9 z^V^V^F = VcV^F = 0, 
since for all X G X(M), 

(VcV^F)(X) = CiX^F) = [C, X^]F + X^iCF) = -X^F + X^F = 0. 
Finally, 

ij^tr(l ® V^F) = tr(l ® X^F) = tr((X^F)l) = (X^F)trl = nVF{X), 
hence 

tr(l V^F) = nV^F. 

To sum up, 

trV^K = V^X + — V^F - 2— V^F - n—VF = V^/i - (?i + 1)— V^F, 
F F F ^ 'p ' 
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whence 

W° = (V/v - VA' +(n + 1)— - (n + 1)— V^^) ® = 0. 

?i + 1 F F 

Thus we proved that if {M, F) is isotropic, then its Weyl endomorphism is 
zero. 

Conversely, suppose that W° = 0. Then, by (|5.18p . for any vector field on 
M we have 

K{X) =KX - -^(V^/l - trV^K)(X)(5. 
Hence relation V^F o K = yields 

KV^F{X) = -i-^(V^i^ - trV^K)(X)V^F(5), 

whence 

-^{VK - trV'K) = — V^F, 
n + 1 F 

and so 

K = K{1-'^V''F®5). 



This concludes the proof. □ 

Remark. The property 

'an at least 3- dimensional isotropic Finsler manifold has zero Weyl 

endomorphism^ 

was discovered and proved by Berwald [17]. The converse is due to del Castillo 
and, independently, Z. I. Szabo [M]. The simple proof presented here for 
this part of the problem was inspired by a paper of P. N. Pandey |45j . 

In the following, by the scalar curvature of an isotropic Finsler manifold we 
shall mean the function 

K 1 
^'-F^- in-l)F^^'^ 

(see e.g. [SU], p. 147), which is positive-homogeneous of degree 0. An isotropic 
Finsler manifold is said to be of constant curvature, if its scalar curvature is a 
constant function. 



Chapter 7 



The Landsberg tensor and 
the stretch tensor of a 
Finsler manifold 

Using the Finslerian h-Berwald covariant derivative, we define the Landsberg 
tensor P of a Finsler manifold (Af , F) by the following formula: 

(7.1) P := -l^'g- 
Lemma 7.1 For all vector fields X,Y,Z£ X{M) we have 

(7.2) V^g(X, Y, Z) = (iB(X, Y)Z)E, 

therefore the Berwald curvature and the Landsberg tensor of a Finsler manifold 
are related by 

(7.3) V^£;oB = -2P. 
Proof. 

V'^g{X,Y,Z)^{Vx^g){Y,Z) = 

X^g(y, Z) - g{Vx^Y, Z) - g{Y , V x^Z) X\Y'' {Z'' E))) - 

{i\/x^Y)Z''E + {iy.^^^yZ)E - Y''{iVx^Z)E + 3[Y\ UW x^Z]E = 

X^{Y''{Z''E)) - [X'^,y''']Z''E -Y%[X'",Z'']E)+i[Y\'HV[X'",Z'']]E. 
Here, as we have already seen in the proof of 13.11 

J[y^ z"]] = [Y\ [x^ z^w = iB(r, x)z = iB{x, y)z 

therefore 
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V'"g{X,Y,Z) = {iB{X,Y)Z)E + Y^X^{Z''E))- 
Y^{X'"{Z''E) - Z\X'"E)) = {m{X,Y)Z)E, 

taking into account that T-L is conservative. Thus we have proved relation (|7.2p . 
Relation (|7.3p is merely a reformulation of (|7.2p . □ 

Remark. An immediate consequence of formula (|7.3|) is that any Berwald 
manifolds have vanishing Landsberg tensor. The converse, whether there are 
Finsler manifolds with vanishing Landsberg tensor which are not of Berwald 
type is a long-standing question in Finsler geometry, and in spite of many efforts, 
it has not been answered until now. 

Corollary 7.2 The Landsberg tensor of a Finsler manifold has the following 
properties: 

(i) it is totally symmetric; 

(li) 5 e ^X,Y,Z^ ^ V{X,Y,Z) =Q; 

(Hi) VcP = 0, i.e., P is homogeneous of degree zero. 

Indeed, (i) and (ii) are immediate consequences of (|7.2p and the correspond- 
ing property of the Berwald tensor. Taking into account our calculations in the 
proof of I3.5[ we get for any vector fields X ,Y , Z on M 

(VcP) {X, y, z) = c(P(x, y, z)) = -\c{mx, y)z)e = 

iB(X, Y)Z]E + (iB(X, Y)Z)CE) = 0, 

which proves (iii). 

Corollary 7.3 // g is the metric tensor, S is the canonical spray of a Finsler 
manifold, then V sg — 0. 

Proof. For any sections X, Y in Sec(-n'), 

( Vsff) {X,Y)= ( V^g) (X, f ) = V^(^, X,Y)^~2-P{5,X,Y) "^J"' 0. 

□ 

Now we can easily deduce an important relation between the Cartan tensor 
and the Landsberg tensor of a Finsler manifold. 

Proposition 7.4 V sQ\, = P. 

Proof. Let X, Y , Z be vector fields on M. Applying the hv-Ricci formula 
(|3Jl) . property dH]), and Corollary O (ii) , we obtain: 
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2 (VsC,) {X, Y, Z) = V^V^5(^, y, Z) = V^V^5(^, ^, ^) = 

v^v^5(^, -5, r, z) = v^((5, y, z) = -2 (v^vP) (<5, r, z) = 
-2X"P((5, y, z) + 2P(Vjfv,5, y, z) = 2P(x, r, z). 

This proves the Proposition. □ 

Having these results, we can present a simple index-free proof of Proposition 
3.1 in our paper [5]. 

Proposition 7.5 // the Landsberg tensor of a Finsler manifold depends only 
on the position, then it vanishes identically, i.e., V^P = implies that P = 0. 

Proof. Applying the preceding Proposition, the Ricci formula p.9p , and tak- 
ing into account Corollarv l3.4[ for any vector fields X, F, Z on M we have 

p(x, y, z) = (Vset)(x, i>, z) = (v^et)(5, x, y, z) = 

i(V^V:g)(<5,X,y,Z) = i(V^V^g)(X,^,^>,Z) = -(V^P)(X,<5,y,Z) =0. 



By the stretch tensor of (Af, F) we mean the tensor S G T^i'^) given by 

(7.4) ^^(^' ^) v''P(x, y, z, [/) - v'^p(y, X, z, u). 

Corollary 7.6 The stretch tensor of a Finsler manifold is homogeneous of de- 
gree zero. 

Proof It is enough to show that V^V^P = 0. Let X, Y, Z, U be vector 
fields on M. Using the Ricci formula (|3.8p taking into account Corollarv l7.2l (ii). 
and the homogeneity property \7^S = 0, we obtain 

(VcV''P)(x, y, z, u) = (v^v''P)((5, X, y, z, c/) = v''v^P(x, ,5, y, z, c/) = 
(Vjfh v^p)((5, y, z, c/) x\v^p((5, y, z, c/)) - v^p((5, v Y^y, z, c/) - 
v^p((5, y, v^.z, &) - v^p(5, y, z, V;,.c/) = x^(VcP)(y, z, c/)) - 
(VcP)(Vx.y, z, u) - (VcP)(y, v^^z, c/) - (VcP)(y, z, v^.c/) = o, 

since P is homogeneous of degree 0. □ 

Now we verify by an index-free argument the following result of our above 
mentioned paper [8j: 

Proposition 7.7 // the stretch tensor of a Finsler manifold depends only on 
the position, then it vanishes identically, i.e., V^S = implies that E = 0. 

Proof Let X,Y, Z,U,V he vector fields on M. 
Step 1 By our assumption 

= (v^E)(x, y, z, u, V) = x^(s(y, z, u, v)) = 2(x^(v^p(y, z, u, v) - 
v^p(z, y, u, V))) = 2(v^v'^P(x, y, z, u, v) - v^v^p(x, z, y, c/, v))), 
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v^v^p(x, Y, z, u, V) v^v^p(x, z, y, u, v). 

Since this is a tensorian relation, we also have 

(7.5) V^V^P(X, Y, Z, U, S) = V^V^P(X, Z, f, U, 6). 
Now, by the Ricci formula p.9p and Corollary 17.21 (ii). 

v*^ v^p(x, ?, z, j/, 6) = v^v^p(y, X, z, u, s) ^ v^v^P(r, z, x, u, s) ^ 

V^V^P(Z,f 

so V'^V^P(., ., ., .,(5) is symmetric in its first and third variables: 

(7.6) V*^ V^P(X, Y, Z, U, S) = V*^ V^P(Z, F, X, [/, J). 
Step 2 We show that 

(7.7) v^P(x, y, z, [/) + v^P(x, y, z, c/, 5) = o. 

We start out the identity P(Z, U, S) = 0. Operating on both sides first by Y^, 
and next by X^, we obtain 

= y^(P(Z, U, 6)) = V^P(f, Z, [/, 6) + P(Z, [/, f) = 

p(r,z, c/) + v^p(y,z,&,<5); 

= x^(P(y, z, [/)) + x^(v^p(y, z, j)) = (v^p)(x, y, z, c/) + 
(v'^v^p)(x, r, z, [/, (5) +P(Vx>.r, z, u)+p{y, Vx>.z, c/) +p(f, z, v^h i/) + 
v^p(VxHy, z, {/, J) + v^p(y, v^hZ, [/, 5) + v^p(r, z, v^hC/, (5). 

Since, for example, 

V^P(Vx.r, Z, U, S) = [X\ nP(Z, [/, 5) - P(Z, [/, V[x^yv]'5) - 

-p(z, v[x^ n) = -P(z, [/, V;,.f) = -P(Vx.y, z, [/), 

the last six terms cancel in pairs on the right-hand side of the above relation. 
So we get (fTfl) . 

Step 3 Interchanging X and Y in (|7.7p , we find 

= V'^P(r, X, Z, [/) + V^V^P(f, X, Z, [/, 5) = 
V^P{Y, X, Z, U) + V^P(X, F, Z, U, S), 

since, by Step 1, the second term docs not change under the permutations 

(y,x,z) ^ (y,z,x) ^ (x,z,y) ^ (x,f,z). 

The last relation and (|7.7p imply that 

v^p(x, r, z, [/) = v^P(r, X, z, t/) 

whence E = 0. □ 

The next important observation gives an index-free reformulation of relation 
(3.3.2.5) in [38]. For completeness we present here a different proof, using our 
formalism. 
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Proposition 7.8 For any sections X, Y, Z, U in T{t[-), 

(7.8) o V^H(X, r, Z, U) = f , X, C/). 

Proof. It is enough to check the relation for basic vector fields X, Y, Z, U. 
Then 

v"s(v"H(x, r, z, [/)) (iv"H(x, y, z, [/))£; ^ 

i(V^B(r, Z, X, f/) - V^B(Z, ?, X, 



Here 



V^B(y, Z, X, U) = (VyhB)(Z, X, U) 



Vyh(B(Z, X)U) - B(VyhZ, X)U - B(Z, VyhX)[/ - B(Z, X)Vyhf7, 

and by dlJl) 

VyhB(Z,X)C/ = V [y^iB(Z,X)C/ . 
Therefore, applying (|7.3p we get 



iv^B(y,z,x,c/)£: = r\iB(z,x)c/ 



2P(VyhZ,X,;7) +2P(Z, VyhX,C/) +2P(Z,X, VyhC/). 

Since F^i? by (|6.2ip . at the right-hand side the first term is 
Y'^{{iB{Z,X)U)E) ^ -2Y'"V(zS,U), 



and hence 

iV'"'B{Y,Z,X,U)E = -2V^P(r,Z,X,C/). 
In the same way we find that 

iV^B(Z, r, X, U)E = -2V^P(Z, Y, X, U). 

Hence 

v^£:(v^H(x, y, z, {/)) = 2(v^P(z, y, u) - v'^P(y, z, x, u)) 

i:iz,Y,x,u), 



as was to be proved. 



Corollary 7.9 R-quadratic Finsler manifolds have vanishing stretch tensor. 



Chapter 8 

Orthogonal projection along 
the canonical section and 
its applications 



Throughout, let {M,F) be an n- dimensional Finsler manifold, n>2. 
We define a map p : Sec(^) Sec(^) by 

(8.1) PiX) := X - i^S. 

Then p is obviously (7°" (TM)- linear, i.e., 

p e End(Sec(7f)) = Ti(7r), 

and 

Ker(p) = span((5). 
For any section X G Sec('n') we have 

P^(^) = P(^ - '-^S) = piX) '-%§piS) = P(X); 

hence p'^ = p. So p is a projection operator onto 

(span((5))^ G Sec(7f) | g{X,6) = o| 

along span((5), called the orthogonal projection along d. 
Since g{S,5) = 2E, and by (|6l0| 

g{X, S) 9{X) = V E{X) = FVF{X), 
48 
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p may be written in the more compact forms 

(8.2) p = l--^V^£;®(5=l-^V^F(8),5. 

Lemma 8.1 The h-Berwald differential of the orthogonal projection along S 
vanishes. Its trace is n — 1. 

Proof. For any vector fields X, Y on M wc have 

v^p(x, Y) = (Vx.p)(y) = v^.p(y) - p(VxHy) = 
v[x^ip(y)]-p(v[x^r^]) = v[x^r^-^— ^c]-v[x^y^]+-[x^r^]F(S = 

F F 

V[X\y"] - V[X^ ^— ^C] - V[X^ Y^] + -X'"{Y''F)5 = 
F F 

-X'" ( ^— ^ ) 5 + = + -X'"{Y''F)5 = 0. 

\ F J F F F 

The second assertion is immediate: 

trp ^ tr(l - ^V"^^ ® (5) = trl - ^tr(V"F (g, S) ^ n - ^V"F((5) = 
F F F 

n - —CF = n-l. 
F 



By the projected tensor of a tensor of K G "^iK^) or of L G we mean 

the tensors pK and pL given by 

pK{Xi,...,Xk) ■.= K{pXi,...,pXk) 

and 

pL(Xi, . . . := p(L(pXi, . . . , pXk)), 

respectively. 

The following observation is immediate from the definitions. 

Lemma 8.2 Let K e Tiin), L e 71{tt) . If 

Se[Xu...,Xk]^K{Xi,...,Xk)^0 , L(Xi,...,Xfc) = 0, 

then pK = K, pL = p o L. 

Examples. (1) By the Lemma and Corollaries l3 .4[ [T^ ii) . the Cartan tensors 
and the Landsberg tensor remain fix under orthogonal projection along 5: 

pe^ - , pe = e , pp = p. 

(2) The projected tensor of the metric tensor g is the angular metric tensor 
rj. Indeed, for any vector fields X, Y on M, 
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pg(X, Y) 9{p{X),p{Y)) = g(X ^(X''E)6, Y ^{Y''E)S) = giX, Y) 

±{X^E)giS,Y) ^{Y^E)g{X,5) + -^{X^ E){Y^ E)g{5^5) ™J™ 

g{X,Y) - 1^{X^E)V^E{Y) 1^{Y^ E)V^ E{X) + 1:^{X^ E){Y^ E) = 

{g - ■^y^'E (g) y''E){X, Y) = (.9 - V^^^ <E> V^F)(X, Y) = rj{X, Y). 

(3) With the help of the projection operator p, the Jacobi endomorphism 
of an isotropic Finsler manifold given by (j8.2p may be written in the extremely 
simple form K = Kp = F^Rp. 

Lemma 8.3 The projected tensor of the Berwald curvature of a Finsler mani- 
fold is 

(8.3) pB = B + ^P®(5. 

E 



Proof. By (|3.6p and Corollary I8.2[ pB = p o B. Now, for any vector fields 
X, Y, Z on M, 

(pB)(X, y, Z) = p{B{X, Y)Z) ^ B(X, Y)Z - ^(iB(X, Y)Z)E5 ^ 
B{X, Y)Z + lp(X, y, Z)5 = (B + Ip ® 5){X, Y, Z), 
hence our statement. □ 



Lemma 8.4 The projected tensor of the Douglas curvature is 

(8.4) pD = pB ^— irB0p = B + — P(g)(5 —trBQp. 

n + 1 E n + 1 

Proof. First we check that D satisfies the condition of CoroUarv 18.21 i.e. 
n{X, Y)Z = 0, if J e |x, Y, Zy Let, for example, X := S. Then 

D((5, Y, Z) B(J, y, Z) 5— (trB(<5, Y)Z + trB(y, Z)6 + trB(Z, 5)Y) - 

n + 1 

^(VctrB)(y, Z)S ^ ^(trB(y, Z)d + VctrB)(y, Z)S). 

n + 1 n + 1 



By Lemma 13. 5[ B is homogeneous of degree —1, i.e., VcB = — B. Thus 
VctrB = trVcB = -trB, and hence T>(S,Y,Z) = 0. The other two cases 
may be handled similarly. Now it follows that 

pD = p o D '^i^ pB l_(p(trB 1) + p(V^trB 6)). 

n + 1 

We show that the last term at the right-hand side vanishes, and the middle term 
is just ^^-i^ytrB p. Indeed, for any vector fields X, Y, Z on M wc have 
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p(trB 1){X, Y, Z) := p(trB l(pX, pF, pZ)) 
p(trB(X, r)p(Z) + trB(y, Z)-p{X) + trB(Z, X)p(y)) = 
trB(X, r)p(Z) + trB(r, Z)p(X) + trB(Z, X)p(r) = (trB P)(X, ?, Z), 



while 



p(V"trB0<5)(X,r,Z) =p((V^_^trB)(py,pZ)J) = 0, 



since p((5) = 0. 

This concludes the proof of (|8.4p . 



Temporarily, for convenience, a Finsler manifold will be called a p-Berwald 
manifold if its projected Berwald curvature vanishes, i.e., if it has the property 

(8.5) B + ^P 0(5 = 0. 

E 

First we characterize the R-quadratic p-Berwald manifolds. 

Proposition 8.5 A p-Berwald manifold is R-quadratic, if and only if, its 
stretch tensor vanishes. 

Proof. The necessity of the condition is a consequence of Corollary 17.91 To 
prove the sufficiency, we show that in a p-Bcrwald manifold wc have 

(8.6) V^H(1, Y, Z, U) = -^^(Z, Y,X,U)®5; X, Y,Z,U e r(7r). 
Observe first that 

V^B -V\1P 6) ™=^'^ -Iv^P 5. 

E E 

Now, applying Bianchi identity (|4.5p . we get 

v^H(x, y, z, u) = v^B(y, x, u) - v^b(z, r, x, u) = 
_l(v^P(f , z, X, u) - v^P(z, r, X, u))®5^ -^s(z, f , x, u). 

This proves (|8.6p . whence the assertion follows. □ 

Our aim in the following is to show that p-Berwald manifolds do not consti- 
tute a new class of special Finsler manifolds. 

Lemma 8.6 Any p-Berwald manifold is a weakly Berwald manifold. 
Proof. From our condition (j8.5p . 



trB = -^tr(P 5). 

E 



By (ino}. 
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tr(P ® (5) = isP, where isP{X, Y) := P{S, X, Y). 

To illustrate how our inductive definition ()1.8p . (|1.9p works in such cases, we 
verify this. 

Let Yi, Y2 be sections in Scc(-n'). Then 

«p^tr(P ® S) := tr(jj^^P «) (5), 

if^if^tr(P 5) = lY.t^ijyP ^ S) := tr(jy^j^^P ® <5) = P(<5, Fi, Fi), 

that is 

tviP®S)iY,,Y2)^isP{Y,,Y2), 

so our formula is indeed true. 

Now our assertion follows by using Corollarv 17.21 (ii). □ 

Proposition 8.7 If{M,F) is an at least 3- dimensional Finsler manifold, then 
(M, F) is a p-Berwald manifold, if and only if, it is a weakly Berwald Douglas 
manifold. 

Proof. If (A/, F) is a p-Berwald manifold, then it is weakly Berwald by Propo- 
sition |8]6l therefore (|8.4p reduces to pD = 0. However, by a theorem of T. Sak- 
aguchi [51] (see also |67]), relation pD = is equivalent to the vanishing of the 
Douglas curvature under the condition dimA/ > 2. 

Conversely, if (A/, F) is a weakly Berwald Douglas manifold, then D = pD = 
and trB = imply by (|8.4p that (A/, F) is a p-Berwald manifold. □ 

Corollary 8.8 The class of the at least 3-dimensional p-Berwald manifolds co- 
incides with the class of the at least 3-dimensional Berwald manifolds. 

Proof. By our remark at the end of Chapter [5l a Finsler manifold is a weakly 
Berwald Douglas manifold, if and only if, it is a Berwald manifold. □ 

Remark. In the light of this result. Proposition 18.51 says nothing new, if 
the base manifold is at least 3-dimensional. Indeed, Berwald manifolds have 
vanishing Landsberg tensor, and hence vanishing stretch tensor. On the other 
side, the canonical connection of a Berwald manifold is basic, which implies 
that the affine curvature is a vertical lift, whose vertical differential vanishes 
automatically. The exceptional 2-dimensional case will be treated in the next 
chapter. 

We conclude this chapter with a technically new proof of the Finslerian ver- 
sion of classical Schur's lemma on isotropy. We begin with a useful preparatory 
observation. 

Lemma 8.9 {M,F) is an isotropic Finsler manifold, if and only if, the curva- 
ture tensor of its canonical connection is of the form 

(8.7) R = FpAiRVF +^F\/''R), 

where R is the scalar curvature of (Af, F). 
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Proof. Assume that {M,F) is isotropic. Then, by (|6.22p . the Jacobi cndo- 
morphism of (M, F) has the form 

K = /V (1 - ^V^i^ (»5) , K := trK. 
F n — 1 



In view of Proposition 14.81 

3R(X, Y) = V^K(f, X) - V^K(X, Y) ; X,Y € X{M). 

In the proof of I6.3[ we have aheady determined the term V^K(X,y). Using 
this resuh, we obtain that 

3R(X, Y) = VKiYjX - V^/v - ^((y^X)(X^F) - {X''K){Y''F))S - 

F 

^{{X^F)? - (y^F)X) = {VK A X) - ^{VK A V^'F) ® 5{Y,X) - 

r ^ r 

^(V^F A 1){X, y) = (1 A (V^A" + ^V^F) + ^(V^F A VK) (g) S){X, Y). 
F F F 

We replace the identity operator 1 by p + yV^F ® (5. Then 

3R = p A (V^if + ^V^F) + 4(V'F ® J) A V^i^ + ^(V^F ® ,5) A V^F + 
-^(V^F A V^A') ® 5 = Fp A [^^^K + i?V^F 

Since 

y^KiX) = V\RF'^){X) = X^iRF'^) = {X^R)F'^ + 2RFX^F = 
{F'^VR + 2RFVF){X), 

it foUows that in the isotropic case 

R = Fp A (i?V^F + ^FV^i?). 

Conversely, suppose that the curvature of the canonical connection of (M, F) 
can be written in this form. Then 

K{X)^-R{X,S) = 
F{RF + ^F{CR))p{X) - F(i?V^F + ^F\/'' R){X)p{S) = RF^p{X), 

so, by Example (3) above, (M, F) is isotropic. □ 



Proposition 8.10 (generalized Schur lemma on isotropy). // (M, F) is an at 

least 3- dimensional isotropic Finsler manifold whose scalar curvature depends 
only on the position, then (Af, F) is of constant curvature. 
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Proof. Our condition on the scalar curvature means that V^i? = 0, hence 
the form (|8.7p of the curvature of the canonical connection reduces to 

(8.8) 11 = FRp AV'T = Rip^y^E -V''E(E)p). 

First we calculate the h-Berwald differential of R. 
Let X, Y, Z be vector fields on M. Note that 

(Vxi.V^£;)(r) = X^iVE) - VEiVx^Y) = X^iY^E) ~ v^£;(v[x\ F^]) = 
X'"[Y'E) - = Y^'^X'^E) = 0. 

By this observation and Lemma 18.11 we find 

(V'^(i?p ® V''E)){X, Y, Z) = (Vxh(i?p «) V''E)){Y, Z) = 
{X^R)p VEiY, Z) + i?(VxHp ® S/^E){Y, Z) = V'^R p (g) VEiX, Y, Z) + 
i?((Vxp) ® y^E + p\7x>^^"E){Y, Z) = V^R ® p V^£;(X, Y, Z). 

Similarly, 

V*^ [RV^E ®p)=V'"R® VE ® p, 

therefore 

V^R = V^i? ® (p (g) VE - VE ® p). 

Let 

ieV'"'R){X,Y,Z) := & (V^R)(X,y,Z). 

(XY.Z) 

By the general Bianchi identity (|2.9p . ©V'^R = 0. In our case this leads to the 
equality 

V^i? ®p® VE + p® VE ® V^i? + V^E ® V^i? ®p- V'^R X V^E ®p- 
T/^E ®p® V^i? -p® V^R ® VE = 0. 

Applying the inductive definition ()1.8p . ()1.9p . we calculate, term by term, the 
trace of the left-hand side. 

(i) 

i^tr(V^i? ®p® VE) = tr(V^i? ® V^E ® p{X)), 
iytriV^R ® y^E ® p{X)) = V''E{Y)V^R{p{X)) = V E{Y)npiX){R) = 

V''E{Y){X^R - ^"^^^^ SR) = (V^i? ® V'E - (S'i?)V"F ® WF){X, Y), 
F 

thus 

tr(V*^i? ®p® V'E) = V^R ® VE - (S'i?)V^F ® V^i^. 

(ii) 

ij^tr(p ® VE ® V^i?) = V''E{X)tT{p ® V^i?), 
iptr(p ® V^R) = V^R{Y)tTp^{n - l)V^i?(r), 
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hence 

tr(p VR V^R) = {n- 1)V^S ® V^i?. 

(iii) 

i^tiiVE (S) \/^R (g)p)= V^R{X)tr{V''E (g) p), 
iytriVE (g) p) = V^£;(p(f )) = ip(r)-B = 

Y^'E - '^"^^^^ • 2£; = FiVE) - FiVE) = 0, 

thus 

tr(y''E(g)V^R(g)p) =0. 

In the remainder three cases the calculation is similar. We obtain: 
(iv) 

tr(V'^i? ® V^'E ® p) = V^£; ® tr(V'^i? ® p) = 
V^£; ® V^i? - {SR)V''F ® v^i;, 

(v) 

tr(V^i; ® p (g) V'^i?) = V^i? tr(V^£; ® p) = 0, 

(vi) 

tr(p ® V^i? ® V^i;) = V^i?tr(p ® V^i;) = (71 - l)V^R ® V^E. 

Subtracting from the sum of the expressions obtained in (i)-(iii) the sum of 
the next three ones, we find 

= V'"R ® y^E + {n- l)VE ® V^R - E ® V^i? - {n - l)V^i? ® E = 
{n - 2)(V^£; ® V^R) + (2 - n){V^R ® VE) = 
(2 - n){V^R ® VE - V^E ® V^i?) = (2 - n)V^R A V^E. 

By our assumption n > 3 this implies 

V^RAV^E = 0. 

Evaluating the left-hand side on a pair {S,X) , X £ X(A/), it follows that 
= SRV^EiX) - y'"R{X) ■ 2E, 

whence 

2E 

Now, by the condition V^i? = 0, for any vector fields X, Y on M we have 

= V^V^R{Y,X) ^ VV^RiX,?) = S7^ifVE){X,Y) = 
{yx^fV'E){Y) = ((XV)V^i? + fVx^y^E){Y) = 
{V\f (g) V''E){X, Y) + /(V^V"i;)(X, Y), 
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i.e., 

fS/'^VE = vv ® v^£:. 

Since, by (F3), V^V^i? is fibrewise non-degenerate, while the rank of 
V^/ (8> V^E is at most 1 at any point, the last relation implies that the function 
/ is identically zero, and hence V i? = 0. Then, for any vector field ^ on TM, 

dRiO = Ci? = {H)R + (vOi? = V^i?(0 + V^i?(e) = 0; 

therefore di? = 0. Since M is connected by our assumption at the very beginning, 
relation dR = implies that the function R is constant. □ 

Remark. Naturally, the generalized Schur lemma on isotropic Finsler man- 
ifolds is a classical result. It is also due to Berwald, see [17]. A concise, but very 
elegant index and argumentum free proof can be found in del Castillo's note 

. Our proof is technically new; its novelty lies in a consequent and index-free 
use of the Berwald derivative and the inductively defined trace operator. 



Chapter 9 

Two-dimensional Finsler 
manifolds 



Throughout this chapter (A/, F) will be a two-dimensional, positive definite 
Finsler manifold. By a Berwald frame of {AI,F) wc mean a pair {l,m), where 
i is the normalized support element field defined by (|6.1ip . and to is a local 
section of satisfying 

(9.1) to) , 5(771, to) = 1. 

By the usual orthogonalization process, such a section 777 may always be con- 
structed. Indeed, we may find a nowhere vanishing local section X oi such 
that X and i are pointwise linearly independent. Then 

Y:=X-g{l,X)l 

is nowhere zero at the points of the domain of X , and it is g-orthogonal to t. 

g{l,Y) = g{t,X) - g{i,X)g{t,t)^ Q. 
Let ^ 

TO := — ^ ^ y. 

Then (^, m) is a Berwald frame for (A/, i^). 

If (Af , f ) is a non-Riemannian Finsler manifold, we may use another argu- 
ment. In this case, by Deicke's theorem, there is an open subset U of M such 

that the Cartan vector field 6 is nowhere zero on f ^ {U) . Let 




5(e,e) 



over r ^ iU). Then, by Lemma l6Tl [i, m) is a Berwald frame for {M, F). 
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Lemma 9.1 // (£, m) is a Berwald frame for the Finsler manifold {M, F), then 

(9.2) Vc^ = 0, 

(9.3) Vcm = 0; 

i.e., £ and m are positive-homogeneous of degree 0. 

Proof. The first relation can be obtained by a straightforward calculation: 

Vce = Vc^s = c(^^y + ivc<5 = -^iCF)S + -ij[C, S] = 

To prove the second, we consider the Fourier expansion of with respect 

to the orthonormal frame {i,m): 

Vcm = .9(Vc™, i)£ + 5(Vcw, m)m. 
We show that both Fourier coefficients vanish. Since g{m,£) = and V^ff = 0, 

O^CgimJ) = {Vcg)im,e) + giVcmJ) + g{m,Vce) ^ g{S7cm,e). 
Similarly, 

= Cg{m, m) = (ycg){'m, m) + 2g(\/cm, m) = 2g(Vc™, rn); 
hence Vcm = 0. □ 

Lemma 9.2 // {£,m) is a Berwald frame for [M,F), then the only non-zero 
component of the curvature of the canonical connection with respect to (£, m) is 

(9.4) R(m, e) = .g(R(m, i), m)m. 

Proof. We apply Fourier expansion again, with respect to the Berwald frame 
[i, m). Then R(m, £) can be represented in the form 

R(m, i) = 5(R(m, £), m)m + 5(R(m, £), £)£. 

We are going to show that the second Fourier coefficient vanishes. Obviously, 
it is enough to check that g{'R.{m, £), 5) = 0. Using the Hilbert 1-form 9 and 
taking into account (|6.10p . we obtain 

g(R(m, e),S) = 6l(R(m, £)) = i^V^F(R(m, £)) ^ FiR(m, e)F = 
-F(v[-Hm, m]F) = -F([Hm, H£]F) + F(h[Hm., m]F) = 0, 

since the horizontal vector fields kill the Finsler function F. □ 

This lemma brings the function 

(9.5) K := .g(R(m,£),TO) 

into the spotlight; it is said to be the Gauss curvature of {M,F). 
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Lemma 9.3 Hypothesis as above. The Cartan tensor and the vector- valued 
Cartan tensor of {M, F) can be represented in the form 

(9.6) - iv'^e <E> v:j ® \7:j 

and 

(9.7) e = /V;„6' (g) v;,0 ® m, 
respectively, where 

I := g{G{m, m), m) = G\,{m, m, m). 

Proof. Since C and Ct, vanish if one of their arguments is ^ = ^5, for any 
vector fields ^ ^ 

X = + X^m ,Y = YH + Y^m 

along f we obtain 

e(X, r) = X2r2e(m, m) = ^(X, TO)g(?, m)e(m, m). 

Here 

C(m, m) = g{G{m, m),i)£ + g{G{m, to), m)m = 
C|;(to, to, £)i! + g(G{m, to), TO)m = g{G{m, m), m)m; 

while, for example, 

giX,m)=g{m,X) = iv^V^F2(m,X) = l{VlXF')iX) = 
iyi,{F\7^F)){X) = vr„0(x). 

Let / := g{G(m, m), m) — Cti(™, to). Then 

G{x, Y) = /v;„6i ® v;;6i to(x, y), 

which proves (|9.7p . Thus 

e,(x, r, z) = g(e(x, ?), z) = ivi^e ® v;;,^0(x, Y)gim, z) ^ 
1^1,9 ^vi,e®s/i,e{x,YZ), 

so (|9.6p is also true. □ 

The function / introduced by the Lemma is said to be the main scalar of 
the 2-dimensional Finsler manifold {M,F). We obtain immediately the next 

Corollary 9.4 A two-dimensional Finsler manifold reduces to a Riemannian 
manifold, if and only if its main scalar vanishes. 

□ 
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Proposition 9.5 Let 8,1-1, k and I be the canonical spray, the canonical con- 
nection, the Gauss curvature and the main scalar of {M,F), respectively. If 
{£,m) is a Berwald frame for {M,F), then we have the following commutator 
formulae: 

(9.8) [S, im] = -Hm, 

(9.9) [m,nm]=: K{im), 

(9.10) [nm, im] = ^Hi + I{Hm) + {SI)im. 

F 

Proof. Step 1 Consider the horizontal projeetor h := 7^ o j and the vertical 
projector v = 1 — h. Then 

[S, im] = h[S', im] + v[S, im]. 

First we show that the second term is zero. Observe that 

•v[S, im] = iV[S, hn] = iVsm, 

since S is horizontal. Now, starting out the relation g{£, m) = 0, and taking into 
account that Vs5 = by Corollarv l7.3[ we get: 

= Sg{£, m) = (Vs5)(^, m) + g(Vs^, m) + g{i, Vgrn) = g{Vsi, m)+g{£, Vgm). 
Here 

V5^ Vsj5 = S{^)5 + ^Vs5 = ^V[S, C] = -^V{S) = -|v o n{5) - 0, 
therefore 

g(£,V5m) =0. 

On the other side, from the relation g{m,m) = 1, 

= Sg{m, ra) = sg){m, m) + 2g{m, Vsm) = 2g(m, Vsm). 

Thus we have g{£, V^m) = g{m, Vsm) = 0, hence Vgm = 0, which implies our 
first claim. Now we can easily finish the proof of (|9.8p : 

[S, im] = h[S', im] = F o J[im, S] = — F o im = —Ti oVoim + Joim = —Tim. 
Step 2 

[H£, Urn] = v[H£, Urn] + h[n£, Urn] = i o V[m, Urn] + U o][m, Urn] = 
-iR{£,m) + 'Hoi[H£,Um]. 

We show that i[H£, Urn] = 0. 

By the vanishing of the torsion of H we have 

i[U£,nm]^\/-Him-\/Hm£- 

In the right-hand side V-^^m = FV sm = 0, since, as we have just seen, Vgm = 
0. As to the second term, by the homogeneity of the canonical connection 

t = v^5*Po, 

hence 
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S7-H,ni = ^nrnFS = Hm{F)6 + FVnm.S = FV^mS = Ft{m) = 0. 
Thus we obtain 

[Hij'H'm] ~ — iR(£, m) — iR(m,£) ig{'R{m, i),m)m K{im), 

so formula (|9.9p is proved. 

Step 3 We start again with the decomposition 

[Hm, im] = i o V[7^m, im] + H o j[H?T!,, im] = iV-Hm"i — HVimm. 

Next we calculate the covariant derivatives V^^m?7i and Vim?7i. By Fourier ex- 
pansion, 

^■Hmm = .g(V-Hm"i, + g{V-Hmm, m)m. 

We show that the Fourier coefficient in the first term vanishes. Applying the 
usual trick, we obtain 

= 'Hmg{m, £) = {V-Hmg){m, £) + g(V-H„m, £) + g{m, Vumt) = 
{^Hm9){m, e) + g{V-H7nm, £), 

since, as wc have just seen, V-umi = 0. Applying Corollarv l7.2[ the first term 
of the right side of the above equality is 

{\7'Hmg){m,e) = \7^g{m,£,m) = -2P(m,^,m) = -2FP{m,6,m) = 0. 

Thus we get 

^Hmm = g{V-Hmm,m)m ^ ^{2g{V-Hmm,m)m) = 

-{Hmg{m, m) — (V-Hm.9)(m-, w)) = — 2^^-9(™' ™)'^ = P("^, rn, m)m. 

By Proposition 17.41 the Cartan tensor and the Landsberg tensor are related by 
VsCb = P. Using this, 

P(m, TO, to) = (VsC|;)(to, to, to) = S'(C|;(to, to, to)) + 3Cb(VsTO, to, to) ^ 

S{Q\, (to, to, to)) '^S'/, 

therefore 

^Hmfn ^ PC'Ti, TO, m)m ~ {SI)m. 

Finally, we calculate the covariant derivative VimTO. As above, we consider 
the Fourier expansion 

VimTO = 5(VimTO, £)£ + g{Vynm, m)m. 

Since 

= img{m, £) = Vi„,g(TO, ^) + 5(Vi„TO, £) + ^(to, Vi„£) ^ 
V^5(to, £, to) + (Vi„TO, £) + g{m, V -,„,£) = 
2Ft^{m, 5, m) + ^(Vi^TO, £) + g{m, Vi„^) = 5(Vi„?w, £) + g{m, Vi„,£), 
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it follows that 

.g(Vi„iTO,£) = -.9(Vi„i£,TO) = -g{j[im,H£],m) = -g{i[im, ^S],m) 

-^9ij[im,S],ni) - g{j{im^)S,m) ^ ~^g{m,m) = 

As to the second term of the Fourier expansion, 

= img{m, m) = {'^img){m, m) + 2g(Vi™TO, m), 

hence ^ 

5(VimW, m) = ——'V''g{m,m,m) = —Q\;{rn^m,m) =: —I. 

Thus ^ 

Vi,„TO = -—£- Im, 

therefore 

[Tim, im] = i(5/)m + ^'H^ + /(Hm) = ^'^f + /(-Hm) + {SI)im, 
as was to be shown. 

Remark. Relation (19.81) can also be written in the form 



(9.11) [W,im] = -^-Hm. 

F 

Indeed, 

[5", im] = [US, im] = im] = F[H£, im] - im{F)m. 

Here 

im(F) = V^F(m) = l^^V^F(m) = ^e{m) = ^g{m,5) = g(m,^) = 0, 

therefore ^ ^ 

[W, im] = — [S*, im] -—Hm. 

r r 

Corollary 9.6 We have the following formulae for the covariant derivatives of 
the members of a Berwald frame {£,m): 



(9.12) 
(9.13) 


Vi,£ = 0, 
= 0, 


(9.14) 


Vim^ = ^m, 
r 


(9.15) 
(9.16) 
(9.17) 


Vw,„^ = 0, 
Vi^m = 0, 
Vuem = 0, 


(9.18) 


Vimm ^ -^£~ 
r 


(9.19) 
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Proof. Indeed, U = i{-pS) = -prC, so (|9.12p and (|9.16p are consequences of 
(lOI) and (ESI). Since = = ^5, (I03l) and (lOTfl) follow from the 

relations Vg^ = and V^rn = 0, obtained in the proof of Proposition 19.51 
(|9.15p and (j9.19p were also proved above. Finally, 

^irai = m] = -i[m, im] ^ iijUm) = 

and 

Vi^m = j[im, ^ + linm) + {SI)im) = 

1 1 
-—(5 - Im= - Im, 
1"' t 

so (|9.14p and ()9.18p are also true. □ 

Remark. There is another method to derive the basic relations (|9.8p - (|9.19p . 
First we calculate the covariant derivatives (|9.12p - (|9.19p using different tech- 
niques, and next we apply the Ricci formulae (|2.8p . (|3.7p to obtain the commu- 
tator formulae (|9^ - (|9l^ . 

o 

Example. In view of p.Sp , for any function / G C°° (TM) we have 
(V^VV)(^,to) - {V^V^f){m,i) = -iR(^,m). 

Here 

{v'v'f)ie,m) = ne{nm{f)) - vV(Vw£to), 

(V^VV)(m,£) = Umimf)) - VV(Vw™^). 
Now, as in Step 1 and Step 2 in the proof of l9.5[ we can show that 

= V-Hm^ = 0. 

So we obtain 

[Hi, 'Hm]f — — iR(£, m)f — {ig(R.{m, ()m, m)m)f — K(im)/, 



which proves (|9.9p . 

Proposition 9.7 (Berwald identity). Let S he the canonical spray of {M,F). 
Specifying a Berwald frame {£,m), the Gau.ss curvature n and the main scalar 
I of {M, F) are related by 

(9.20) lK + {im)K+ ^S{SI)I ^0. 

F 

Proof. Applying the Jacobi identity to the vector fields %£, Tim and im, 
taking into account relations (|9.8p - (|9.1ip and the property V^F = 0, we get 
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= [Hi, [Hm, im]] + [Hm, [im, m]] + [im, Hm]] = 
[m, jHl + I{nm) + {SI)im] + [Wn, jHm] + [im, K{im)] = 

{{m)I)nm + I[m, nm] + m{SI)hn + {SI) [W, im] + (im)K(im) = 

SI 1 SI 1 

— Hm + {I K)im -\ — S{SI)im 'Hm+{imK)im = {Ik-\ — S{SI) + {im)K)im, 

F F F F 

thus proving the Berwald identity. □ 



Proposition 9.8 The Jacobi endomorphism of (M, F) has the form 

(9.21) K = Ki^l - kV^F <5, 

hence the canonical spray of (Af , F) is isotropic. 

Proof. We evaluate both sides of (|9.2ip at the members of the Berwald frame 
i£,m). 

K{e) := v[s, ne] = v[F{m), m] = v{~{{m)F)m + F[ne, m]) = o; 

K{m) := V[S, Hm] = V[F{ne),Hm] = V{-{{Hm)F)m + F[m, Hm]) ^ 



FVinim) = {KF)m; 



(kF1-kV^F®(5)(£) = (kF)^-kV^F(£)J ^ {kF)1-k5 = {KF)£-{nF)i = 0, 
{kFI - nV^F (E) 6){m) ^ (KF)m - KV^F(m)(5 {KF)m - K^0{m)5 = 
{KF)m - Kg{m,Fe)e ^ {KF)m. 

These prove our assertion. □ 
Remarks. (1) Since the function K := ;^^^trK = trK equals to 
g(K{m),m) ~ g{K,Fm,m) = K.F, 
the Jacobi endomorphism of (M, F) can also be written in the form 

K = A'(1-4;V^F®,5), 
r 

which is just formula (|6.22p obtained in the proof of Theorem 16.31 

(2) Now we can easily check that the Weyl endomorphism of {M, F) is the 

zero transformation. 

Formula (|5.15|) reduces to the following: 

W° = K - kFI + (trR) S. 

As we have just seen, trK = kF. Since 

(trR)(^) = 5(R(£, £), £) + .9(R(m, i), m) = n, 
(trR)(m) = .9(R(^, m), I) + 5(R(m, m), m) = 0, 

we obtain 
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W°(^) = K(^) - + k5 = -{kF)1 + {kF)£ = 0, 

W°{m) = K(m) - (KF)m = {KF)m - (KF)m = 0. 

This remark and Proposision 19.81 confirm that condition dimA/ > 3 m The- 
orem \6.^ may indeed he omitted. 



Proposition 9.9 The only surviving component of the Berwald curvature of 
{M,F) is 

2SI 

(9.22) B(m, m)m = —£ + {im{SI) + {Hm)I)m, 

F 

therefore {M, F) is a Berwald manifold, if and only if, the h-Berwald differential 
of its main scalar vanishes. 

Proof. By Corollary 13. 4[ B is indeed completely determined by the section 
B(m, m)TO. Using (|0^ . and ((g?T(I)) . we obtain 

B(m, m)m = VimVumm - Vumyimm - V\jim,um\m = 

Vi^{SI)m + y-Hmije + Im) + ^m+i{Hra)+(si)im^ = 'irn{SI)m~ 

{SI){-£+Im)-—nm{F)£+{{Hrn)I)rn+I{SI)rn+I{SI)rn-—£~{SI)Im^ 
p p 

im(5/)m - —£ + ((Hm)I)m = —£ + {iin{SI) + {Hm)I)m; 



therefore 



B = ^ 5/ = and im{SI) + {Um)I = Q ^ 
{m)! = and (Hm)/ = ^ V^/ = 0. 



Lemma 9.10 The only nonzero component of the trace of the Berwald tensor 
is the function 

(9.23) {trB){m, m) im{SI) + nm{I). 

Proof. Using the orthonormal frame (£, to), trB can be determined as in the 
Riemannian case; cf., e.g., |48], p. 38. So we have 

(trB)(m, to) = (7(B(£, to)to, £) + (7(B(to, m)m, to) = 
(7(B(to, m)m, to) '^=^' im{SI) + 'Hm{I). 

□ 



Proposition 9.11 The only nonzero component of the Douglas curvature of 
{M,F) is D(?7i,to)to; it is given by 

(9.24) 

1 35*/ 

D(to,to)to = — ( h iTO(iTO(S'/)) + im{nm{I)) + 2Iim{SI) + 2I{'Hm)I)d. 
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Proof. In the previous chapter we have already remarked that D vanishes if 
one of its argument is from span((5), so D is indeed determined by D(m,m)m. 
Now we calculate this component. By definition, 

D(m, m)m = B(to, m)m — (trB(m, m))m ~ -(V^trB)(TO, m, m)S; 

o 

our only task is to evaluate the last term at the right-hand side. 

(V^trB)(m, m, m) = (VimtrB)(77i, to) = im(trB(TO,TO)) — 
2trB(Vi„TO, to) Ja^^ljall ^ nm{I)) + 2trB(/m, m) = 

iTO(iTO(S'/)) + im{nm{I)) + 2nm{SI) + 2inm{I). 

Now, putting together (|9.22p . (|9.23p and this result, we get 
25"/ 

D(to, TO)m — 1 + {im{SI + 'Hm{I))m — {\m(SI) + 7^to(/))to — 

F 

-{im{im{SI)) + im{T-Lm{I)) + 2nm{SI) + 2I'Hm.{I))5 = 
f — + iTO(iTO(5/)) + im{nm{I)) + 2/im(5/) + 2I{'Hm)Ij 5. 



Proposition 9.12 The only surviving component of the Landsberg tensor of 
iM,F) is 

(9.25) P(to,to,to) S*/, 

therefore (A/, F) has vanishing Landsberg tensor, if and only if its main scalar 
is a first integral of the canonical spray, i.e., SI = 0. 

Proof. By Corollary [721 P is indeed completely determined by the function 
P(to, to, to). It was shown in Step 3 of the proof of 19. 51 that 

^Hrn'ni = P(m, TO, m)m. 

Comparing this relation with (|9.19p we obtain (j9.25p . □ 

Remark. We have already shown in general that the direction indepen- 
dence of the Landsberg tensor implies its vanishing (Proposition 17.51) . In the 
2-dimensional case this conclusion may be deduced immediately: 

V^P(to, i, TO, to) = (Vi™P)(^, TO, to) = im(P(£, m, m)) - P(Vi„^, to, to) - 

2P(^, Vi,„TO, to) P(Vi„i^, m, m) — — P(to,to,to), 

F 

hence V^P = implies P = 0. 
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Lemma 9.13 The only not necessarily vanishing component of the stretch ten- 
sor of {M, F) is 

(9.26) m, TO, to) = ^S{SI). 

r 

Proof. 17.21 (ii) and relations V-uii = Vum^ = imply immediately that 

if i€ |x, f , z|, then V^P(^, X, f , Z) = V^P(to, X, F, Z) 0. 

Thus S is indeed uniquely determined by its value on the quadruple (£, m, m, m). 
Now we calculate: 

m, m, m) = 2V^P(^, to, to, to) = 

2(W(P(to, to, to)) - 3V^P(Vw^m, m, m)) = |;S'(P(to, to, to)) ^S{SI). 

F F 



Corollary 9.14 {M,F) has vanishing stretch tensor, if and only if, its Gauss 
curvature satisfies 

Ik + {mi)K = 0. 

In particular, 2- dimensional Finsler manifolds of vanishing Gauss curvature 
have vanishing stretch tensor. 

Proof. From relation (|9.26p and the Berwald identity (|9.20p we obtain 

Ik + im{K) + 2^(^i ™j ™) = 
whence our assertion. □ 



Proposition 9.15 {M,F) is a p-Berwald manifold, if and only if its main 
scalar satisfies the PDE 

{im)SI +{nm)I = 0. 

Proof By definition, (M, F) is a p-Berwald manifold if B + -^P 5 = 0. In 
view of the preceding two propositions, this condition takes the following form: 

~ B(to, to, )to H P(m, m, m)S = 

E 

2SI 2 

—e + {im{SI) + {■Hm)I)m + —{SI)l = (iTO(S'/) + {'Hm)I)m, 

r r 

whence our assertion. □ 



Corollary 9.16 The class of the 2-dimensional p-Berwald manifolds is the 
same as the class of the 2-dimensional weakly Berwald manifolds. 
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Proof. This is immediate from the Proposition and Lemma 19.101 



□ 



Corollary 9.17 A 2- dimensional Finsler manifold is a Berwald manifold, if 
and only if it is a weakly Berwald (or, equivalently, p-Berwald) manifold and 
has vanishing Landsberg tensor. 

Proof. The necessity is obvious: all Berwald manifolds have traceless Berwald 
curvature and vanishing Landsberg tensor (see the Remark after Lemma 1 7. ip . 

Conversely, if (M, F) is a 2-dimensional weakly Berwald manifold with van- 
ishing Landsberg tensor, then trB = implies by Lemma 19.101 



hence V^/ — 0, therefore {M, F) is a Berwald manifold by Proposition (HUl □ 



im{SI) + ■Hm(/) = 0, 



and here SI ^ 0, by Proposition 19. 121 So 

(v'^/)(^) = ine)i = ^si = , (v^^ 



/)(m) =nm{I) =0, 



Remark. Corollary 19.171 has also been obtained by S. Bacso and R. 
Yoshikawa ([H]), using the tools of classical tensor calculus. 



Chapter 10 

Rapcsak's equations: some 
consequences and 
applications 

Following the terminology of |61| we say that a spray is Finsler-metrizable 
in a broad sense or. after Z. Shen |52] . projectively Finslerian, or, less precisely, 
projectively metrizahle, if there exists a Finslcr function whose canonical spray is 
projectively related to the given spray. If, in particular, the projective relation 
is trivial in the sense that the projective factor vanishes, then the spray will 
be called Finsler metrizable in a natural sense or Finsler variational. In this 
section, after some preparations, we establish different conditions concerning 
both types of metrizability of a spray. 

Proposition 10.1 Let {M,F) and {M,F) be Finsler manifolds, and let the 
geometric data arising from F be distinguished by bar. Suppose that the cano- 
nical sprays S and S of (M, F) and {M, F) are projectively related, namely 
S = S - 2PC. Then 

(10.1) 2P=^, 

F 

and 

(10.2) Vseb = peb + p. 

Proof. Since S is horizontal with respect to the canonical connection of 
{M,F), we obtain 

O^SF^iS- 2PC)F = SF- 2PF, 

so (|10.ip is valid. To prove the second relation, let X, Y, Z be arbitrary vector 
fields on M. Then, applying (f5^ and ([Q]) . 
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jVsCb) {X, Y, Z) = S{&\,{X, Y, Z)) - e,{VsX, Y, Z) - Q^{X^ Vs?, Z) - 
et(X, Y, VsZ) = S{QM. Y,Z)) + 2PC{ei,{X, Y,Z)) - Gi^i^sX, Y, Z) - 

(X, v^y, z) - Q^{x, Y,VsZ) + 3Fe^(x, y, z). 

Since Ct, is homogeneous of degree —1. 

CQ^{x, f , z) = (VcC,) (x, Y, z) = -e,(x, y, z), 

so we get 

(VsC,) (X, y , z) = Vse,(x, y , z) + pe,(x, y , z) (p + pei,)(x, y , z), 

thus proving Proposition 1 1 . ll □ 



Lemma 10.2 Let a spray S over M be given. Let % be the Ehresmann connec- 
tion associated to S, and let h := 71 o j be the horizontal projector associated to 

o 

H. Then for any smooth function F on TM we have 

(10.3) 2dhF = diF - CF) - isddjF + djisdF. 

This useful relation was found by J. Klein, see [29], section 3.2. Its validity 
may be checked by brute force, evaluating both sides of (|10.3p on vertical lifts 
X^ and complete lifts X'^, X € X(M). It is possible, however, to verify (|10.3p 
also by a more elegant, completely 'argumentum-free' reasoning, see again [29], 
and [^. 

Proposition 10.3 Let [M, F) be a Finsler-manifold with energy function E := 

^F and canonical spray S, given by i^ddjE = —dE on TM . Suppose S is a 
further spray over M , and let % be the Ehresmann connection associated to S . 

S is projectively related to S , if and only if for each vector field X £ X{AI) 
we have 

(Ri) 2X^F = {X^ := UX). 

Proof. Let % be the canonical connection of {M,F). Suppose first that S 
and S are projectively related,_namely S- 2PC, P e C°° (TM) D (TM). 
If X G X(M), X^ = H{X), X"" = n{X), then 

X^ = X'" - PX" - {X''P)C 



by (15.41) . By Proposition 110.11 we have 2P = S=^. Since H is conservative, then 
we obtain 



cp cp 

= 2X^F = i2X^ - -yX" - X''{^)C)F = 

op 1 1 

2X^F - ^{X^F) ~ =X''{SF)F + —{SF){X''F)F = 2X^F - X^iSF). 
F F p" 
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This proves the vahdity of (Ri) if S and S are projectively related. 
Conversely, suppose that (Ri) is satisfied. Then, for all X € X(M), 

(10.4) 2X'"E = 2F{X''F) ^^'^ F(X^(S'F)) = X^iSE) - {X''F){SF). 
Since E — CE = —E, wc obtain by Lemma [10.21 

(10.5) djisdE - 2dhE = isddj'E + dE. 

Next we prove that the left-hand side of (jlO.Sp equals to ^icddjE. 

An easy calculation shows, on the one hand, that for any vector field X on 

M, 

_ _ c'p 

{djisdE - 2dhE){X'') = = -^icddjE{X''). 

F 

On the other hand, 

{djisdE - 2dhE){X^) = 3X''{isdE) - 2{hX^)E = 
X^SE) - 2X^E ^ {X^F){SF), 



while 



cp ap 

-^icddjE{X') = -^ddjE{C,X-) = 

r r 

CUi 

{CdjE{X-) - X-djE{C) - djE[C,X']) = -^C{X'E) = 

G~P C"p 

^{[C,X'']E + X\CE)) = ^{X^E) {SF){X''F), 
F F 



hence 



gp 

(10.6) djisdE - 2dhE = ^icddjE, 

F 

as we claimed. (jlO.Sp and (|10.6p imply that 

isddjE + dE ~ i st r^ddjE 

whence 

ig_sT(jddjE ~ —dE. 



Since S is uniquely determined on TM by the 'Euler-Lagrange equation' 

SF 
F 



i-gddjE = —dE, we conclude that S = S — S£^C, which proves the Proposi- 



tion. 

(Ri) provides a necessary and sufficient condition for the Finsler- 
metrizability of a spray in a broad sense. In terms of classical tensor calculus, 
it was first formulated by A. Rapcsak |49] . so it will be quoted as Rapcsdk's 
equation for F with respect to S. 

Now we derive a 'more intrinsic' expression of (Ri), showing that it can also 
be written in the form 
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(R2) VsV^i^ = V^F. 

Indeed, for any vector field X G X(Af) we have 

WsVFiX) = SiX^F) - V^F(VsX) = - {iVsX)F = 

SiX^F) - w[S, X^]F ^ SiX^F) - (vX=)F = SiX^F) - X^F + X^F = 

[5\X^]F + X^{SF) - X=F +_X'"F _ 
(X^ - 2X^)F + X\SF) - X^F + X^F = - X^F, 

hence 

VsV^F = V^F ^ X''{SF) - X^F = X^F for all X G X{M). 

This proves the equivalence of (Ri) and (R2)- Rapcsak equations (Ri), (R2) 
have several further equivalents, we collect here some of them: 

(R3) isddjF^O; 
(R4) isV^VF = V^F; 
(R5) dhdjF^O; 

(Re) V^VFiX,?) =V^y''F(Y,X) ; 

(R7) v^v^F(x,y) = v^v^F(y,x) 

(in (Re) and (R7) X and Y are arbitrary sections along f). 

Details on a proof of the equivalence of conditions (Ri)-(R7) can be found 
in [61], [57], [58], [59]. We note only that the equivalence of (Re) and (R7) is an 
immediate consequence of the Ricci identity p.7p . while the equivalence of (R2) 
and (R4) follows from the identity igV^VF VsV^F. 

Proposition 10.4 (criterion for Finsler variationality) . Let S be a spray over 
M , and let H be the Ehresmann connection associated to S . S is the canonical 
spray of a Finsler manifold (M, F), if and only if dF oJi ~ 0. 

Proof. The necessity is obvious since the canonical connection of (M, F) is 
conservative. To prove the sufficiency, suppose that dF oH = 0. Then for all 
X e X{M) we have 

(10.7) dFoniX) = dF{X^) = X^F = 0. 

Since the horizontal lifts X^ X e X{M) generate the C°° (f M)-module of H- 
horizontal vector fields, this implies that for any H-horizontal vector field ^ on 

TM we have = 0. In particular, 5* is also H-horizontal, so SF = holds 
too. Then Rapcsak's equation (Ri) is valid trivially: both sides of the relation 
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vanish identicahy. By Proposition 110. 3[ from this it follows that S and S are 
projectively related: 

S = S- 2PC , P e C\TM) n C°°(TM). 

However, P 1SF_ _ so we obtain the required equality S — S. □ 

Remark. In his excellent textbook [31], written in a 'semi-classical style', D. 
Laugwitz formulates and proves the following theorem: The paths of a system 
(a;*)" + 2H^{x, x') — {i £ {1, . . . n}) are the geodesies of a Finsler function F, 
if and only if F is invariant under the parallel displacement 

^ + i7;(.,e)^ = o,H;,- 



dt ''^ dt ' ■ dy"- 

associated with the sytem of paths. (|31|. Theorem 15.8.1.) Here we slightly 
modified Laugwitz's formulation and notation. The 'system', actually a SODE, 
IS given m a chart (r"i(W), {x\y')) on TM, induced by a chart (W, (w*)) on M, 
so the coordinate functions are 

— u'oT^ {u'Y , y' := {u'y ; i & {1, . . . ,n} . 

It may be easily seen that our Proposition [T0]4] is just an intrinsic reformulation 
of Laugwitz's mctrization theorem. Laugwitz's proof takes more than one page 
and applies a totally different argument. 

Corollary 10.5 (the uniqueness of the canonical connection). Let {M,F) be 
a Finsler manifold. If TL is a torsion-free, homogeneous Ehresmann connection 
over M such that dF o'H ~ 0, then H is the canonical connection of {AI, F). 

Proof. Since Ti is torsion-free and homogeneous, Corollary 6 in section 3 of 
[57] assures that H is associated to a spray. Then the condition dF oT-L ~ Q 
implies by the preceding Proposition that this spray is the canonical spray, and 
hence T-L is the canonical connection of (Af, F). □ 

Remark. The uniqueness proof presented here is based, actually, on the 
Rapcsak equations. The idea that they may be applied also in this context is 
due to Z. I. Szabo [55] . 

Our next results may be considered as necessary conditions for the Finsler 
metrizability of a spray in a broad sense. 

Proposition 10.6 Let S be a spray over M, and let V — (V^,\7^) be the 
Berwald derivative induced by the Ehresmann connection associated to S . If a 
Finsler function F : TM — >■ R satisfies one (and hence all) of the Rapcsak 
equations with respect to S, then 

(10.8) VsV^V^F = 0. 
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Proof. For any vector fields X , Y on M we have 



(VsV^V^F) {X,Y) = V^V"(V"F)(5,X,y) ^ 
V^V\V^F)(X, S, Y) + V^F(B(X, S)Y) ^ V^V^V^F)(X, 5, F) = 



X^Y^iSF) - y^F{Y)) - Y^iX^F) ^='' X^(2y^F - F'^F) - Y^iX^F) 
X^iY^F) - Y^iX^F) = v^v^F(x,y) - V"V^F(y,X) 0. 



Corollary 10.7 Under the assumptions of the Proposition above, let 



where rj is the angular metric tensor of the Finsler manifold (M, F). Then 

(10.9) VsV^7I+vV = 0. 
Proof. Let y, Z G X{M). Then by Proposition [lOH 

vV(5, y, z) = V5V^v^F(y, z) = 0. 

Operating on both sides by X^ , wliere X G X(7\/), we obtain 

= x^(vV('5, y, ^)) - (Vx» vV) ((5, y, ^) + vV(^, ^) = 

V^V^7*(^, 5. y, Z) + V^7*(^ , Y. Z) ™^ 
V'^V"7I((5, X, y, z) + vV(^, z) = {Vsy^Ti + vV)(^, Y, Z), 

which proves the Corollary. □ 

Theorem 10.8 Let (Af, F) be a Finsler manifold with canonical spray S; let 
A := 'P '■= V^V^-F; and let Q\, and P be the Cartan and the Landsberg 

tensor of {M,F), respectively. If F satisfies one (and hence all) of the Rapcsdk 
equations with respect to a spray S, and P is the projective factor between S 
and S, then 

(10.10) VV= Sym(A®7l) + £(Pei, -P). 

F 

Proof. 

VV = -VsV^/Z = -2Vs ( J + VsSym(A ® /Z) = 

-^e^ - =Vseb + Sym(VsA 71 + A ® Vs/I) ^ = 

F ^ 

AP— 2P 2 — — — 2 — — 

- - =P + Sym(VsA ®p) ^ Sym(VsA ® /l) + =(Pe, - P). 

r r t t 
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□ 

Remark. Relation (jlO.lOp is an intrinsic, index and argumentrum free ver- 
sion of formula (2.4) in [2]. 

Corollary 10.9 // a Finsler function F satisfies a Rapcsdk equation with re- 
spect to a spray S, and (V^,V^) is the Berwald derivative induced by S, then 
the tensor V^7I= V^VVF is totally symmetric. 

Proof. The total symmetry of V^Ji can be read from (|10.10p . □ 

Remark. We show that the total symmetry of V^/I (modulo a Rapcsak 
equation) may also be verified immediately, independently of (|10.10p . 

Using the Ricci formula (|3.9p . for any vector fields X, Y, Z on M we have 

V^VVFiX, Y, Z) = V^V''V^F(y, X, Z) + V^F(B(y, X)Z). 

The second term at the right-hand side is totally symmetric by Lemma l3.2| so 
our only task is to show that the first term also has this symmetry property. 
Since 

v^v''F(x,y) = x^(y^F) , v^v''F(r,x) = r^(x^F), 

Rapcsak's equation (Ry) implies that 

(10.11) x^{y'"f) = r^(x^F) ; X, y e x{m). 

Thus 

yvyhyv;p(.y^ X, Z) = Y''{V'"W''F{X, Z)) = y^(X^(Z^F) - VFiVjo^Z)) = 
y^(X'^(Z^F) - [X^Z^]F) = Y^iZ^iX'^F)) = Z^(y^(X'^F)) 
Z" (X'' {Y'"F)) = X^(Z^(y^F)) X^iY^Z^F)) = Y'-iX^Z^F)), 

as was to be checked. 

Proposition 10.10 Let S he a spray over M , and suppose that a Finsler func- 
tion F : TM — >■ R satisfies a Rapcsdk equation with respect to S . If H is the 
curvature of the Ehresmann connection associated to %, then 

(10.12) e 7l(R(X,y),Z) = 0. 

{X,Y,Z) 

Proof. Let (V^,V^) be the Berwald derivative determined by T-L. First we 
show that 

(10.13) SJ'"V%{X ,Y ,Z) 

(4 := V^F; X, y, Z £ X{M)) is symmetric in its last two arguments. Indeed, 
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v^v^4(^,i",^) = (Vx^(v^4)) {Y,z) = 

X\\7%{Y, Z)) - V%{Vx^y, Z) - V%{Y, Vx^Z) ^='^ X^(V^4(^, ?)) - 

y%{Vx^z,Y)~y%{z,Vx^Y) - (Vxh(v^4)) {zS) = y'"v%{x,z,Y), 

which proves our claim. 

Next wc apply the Ricci identity (|4J)) to (|10.13l) : 

v^v^4(^, Y, z) = v'^4(r, X, z) ~ 4(H(x, - -p{ii{x, y), z). 

Interchanging X, Y and Z cyclically: 

v^v^4(?, z, X) = v'^4(^, X) - 4(H(y, - 7i(R(?, 
v^v^^4(^,^,?) = v^v'^4(^,^,?) -4(H(z,x)r) -7i(R(z,x),?). 



We add these three relations. Then, using the Bianchi identity (|4.3p and the 
symmetry of V^V'^ft in its last two variables, relation (|10.12p drops. □ 

Remark. In the language of classical tensor calculus, relation (|10.12|) was 
first formulated by A. Rapcsak [49]. For another index-free treatment, using 
Grifone's formalism, we refer to |61) . 

Lemma 10.11 Let a spray S : TM TTM and a Finsler function 
F : TM — > R 6e given. IfJI := V^V^-F; R is the curvature, and K is the Ja- 
cobi endomorphism of the Ehresmann connection associated to S, then relation 
I110.12\) is equivalent to the condition 

(10.14) m(K(X), Y) = jLiX, K{Y)) ; X,Y e X{M). 

Proof. We recall that by (I4.9p . K and R are related by 

K{X) = Ii{X,S) , X G Scc(7f). 
il0.12\) ^ ^10.14\ ) By assumption, for any vector fields X, Y on AI we have 
7I(R(X, S),Y)+ /i(R(5, Y), X) + Jim?, X),S)^ 0, 
or, equivalently, 

7Z(K(X), Y) - JliX, K{Y)) = 7I(R(X, Y), S). 

We show that the right-hand side vanishes. 

7l(R(X,y),5) = V^V^F(5,R(X,y)) = (VcV^F)(R(X^y)) = 
C(iR(X, Y)F) - V^i^(Vc(R(X, Y))) = C(iR(X, Y)F) - 

VFiVcRiX, Y)) ^ C(iR(X, Y)F) - iR(X, Y)F = [C, iR(X, Y)]F = 

[c, [X, y]'^ - [x^ y^]] = -[c, [x^ y^]] = c]] -i- [y\ [c, xi^]] = o. 
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taking into account the homogeneity of the associated Ehresmann connection. 

ll0.14j) =^ U0.12\) We operate by X" on both sides of the relation 
7i(K(y),Z) — 7l(y,K(Z)), and permute the variables cyclically. Then we ob- 
tain: 

X\-pmY),Z)) ^ X\-p{Y,KiZ))), 
Y^{JI{K{Z),X)) = Y^{JI{Z,K{X))), 
Z^-fl{K{X),Y)) = Z^(p(X,K{Y))). 

Applying the product rule, 

Vy{X, K{Y),Z) - VyiX, Y, K{Z)) = Jl{Y, V^K(X, Z)) - 7l(V^K(X, Y), Z), 
V^-piY, K{Z),X) - V^-piY, Z, K(X)) = Jl{Z, V^K(y, X)) - M(V^K(y, Z), X), 
V^Jl{Z, K{X)X) - V^JI{Z, X, K(f)) = 71(1, V^K(Z, Y)) - 7l(V^K(Z, X),Y). 

Now we add these three relations. Since VJl — V^V^V^F is totally symmetric, 
we obtain 

= 7l(V^K(y, X) - V"K(X, Y),Z) + 
7i(V"K(Z, Y) - V^K(y, Z), X)-h 

7I(V"K(X, Z) - V"K(Z, X), f) ^ 

3(7i(R(x, y), z) + 7i(R(?, z),x)+ 7i(R(z, X), y)) = 

3 _6^7l(R(X,y),Z), 

(x,y,z) 

and this ends the proof. □ 

Corollary 10.12 (the self-adjointness condition). If a Finsler function 
F : TM — >■ R satisfies a Rapcsdk equation with respect to a spray over M , then 
the Jacobi endomorphism K determined by the spray is self-adjoint with respect 
to the symmetric type (2) tensor 'p= V^V^i^, i.e., 

7I(K(X), y) ^ JI{X, K(y)) ;X,Ye Sec{n). 

□ 
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Summary 



In the following we present a brief survey of chapter contents. 

Chapter 1 In this chapter we give the necessary preliminaries. We collect 
the most indispensable concepts and facts from basic differential geometry, and 
standardize our notation and terminology. We fix the main scene of our consid- 
erations: this is the Finsler bundle 

71- : TM xm TM TM, 

the pull-back of the tangent bundle r : TM — > M over the projection of the slit 

o 

tangent bundle f : TM — !> M. We also need the vector bundle 

■k-.TMxm TM^TM, 

the pull-back of r over r. The modules of sections of these vector bundles will 
be denoted by Scc(^) and SGc(7r), respectively. Wc introduce a canonical tensor 

o 

derivation, the vertical derivation V^, over the tensor algebra of the C°°{TM)- 
module Sec(^). 

The only new technicality is the inductively defined trace operator acting on 
type (g^i) tensor fields along f. This wiU be proved to be effective and useful 
in our coordinate-free calculations. For completeness, we reproduce a simple 
proof of the differential Bianchi identity in the context of general vector bundles. 

Chapter 2 Here we fix what wc mean by an Ehresmann connection and 
a spray. We also introduce some mutations of a spray: semispray, second-order 
vector field, affinc spray. All this is necessary since we find different and non- 
equivalent definitions for these basic concepts in the literature. We recall the 
fundamental relation between an Ehresmann connection and a semispray, dis- 
covered (independently) by M. Crampin and J. Grifone. We define the most 
important technical tool of our calculations, the Berwald derivative V. It is 
built of a horizontal part determined by an Ehresmann connection, and the 
vertical derivative V^. 
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We derive a horizontal Ricci identity for functions, in which the curvature 
tensor R of the Ehresmann connection appears. We prove the following Bianchi 
identity for the horizontal differential of the curvature: 

6 (V^R)(X,y,Z) = 0. 

To our knowledge, this simple and useful relation has not appeared in the liter- 
ature (at least in this form). It corresponds the Bianchi identity 

[h, R]=0 

in Proposition 1.61 in Grifone's paper |27| . where the symbol [,] means 
Frolichcr-Nijcnhuis bracket, whose evaluation is quite difficult. A similar 
Bianchi identity was obtained also by M. Crampin |19) . but in a quite artifical 
manner. 

Chapter 3 This chapter is devoted to a brief discussion of the Berwald 
curvature of an Ehresmann connection H. Consider the usual curvature operator 

R'^itv) ■■ Z e Scc(7r) ^ R^{tri)Z V^V^Z - V^^V^Z - V[5,,,]Z e Sec(7r) 

o 

of the Berwald derivative V and rj are fixed vector fields on TAI). Then the 
Berwald curvature B of H is defined by 

B{X,Y) R^{iX,nY) ; X,Y e Scc{n). 
(The C°°(TM)-linear map i identifies the module Sec(7r) with the module of 

o 

vertical vector fields on TM.) 

Beside some technicalities (convenient formulae for calculations of B, sym- 
metry and homogeneity properties, Ricci identities involving B), we show that 
the Berwald curvature vanishes, if and only if, the horizontal derivative arising 
from the connection is "h-basic", i.e., roughly speaking, it is the natural lift of a 
covariant derivative operator on the base manifold. More precisely, B vanishes, 
if and only if, there is a covariant derivative operator D on M , such that 

V^? = S^;X,yGX(M); 

X{v) := {v,X{t{v))) , V e TM. 

Chapter 4 In this chapter we discuss the affine curvature H of an Ehres- 
mann connection, with specific emphasis on the case when the Ehresmann con- 
nection is generated by a spray. By definition, 

H(X,y) R^{HX,HY) ; X,Y (E Sec(^). 

Our terminology ('affine curvature') follows Berwald's usage [17]. If V^H = 0, 
we say after Z. Shen that the Ehresmann connection is R- quadratic. 
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We derive between the affine curvature H and the curvature R of H the 
following relations: 

H{X, Y)Z = V^R(Z, X, Y); 
R(X, Y) ~ H(X, Y)S , if % is homogeneous. 

((5 : w G TM 5{v) (w, v) is the canonical section of tt.) 

Also in the homogeneous case, we show that R is homogeneous of degree 1, 
and H is homogeneous of degree 0. 

We assume now that the Ehresmann connection % is torsion-free. 

We deduce 

the algebraic Bianchi identity 6 H(X ,Y)Z ~ 0, 
and the differential Bianchi identity 

V^H(X, Y, Z, U) - V^B(r, X, Z, U) + V^B(Z, X, y, U) = 0. 

As further technicalities, we derive the Ricci formulae for the repeated hor- 
izontal differential of sections and 1-forms; they involve the affine curvature. 

After these, we define and derive in an index-free manner the basic relations 
which served, in the language of tensor calculus, as the definitions of the basic 
curvature data in Berwald's classical paper [T7|. Let a spray S over M be given. 
(In Berwald's treatment the role of S is played by a system of second-order 
differential equations written in terms of local coordinates.) The affine deviation 
tensor (Berwald's terminology) or the Jacobi endomorphism of S is the type 

tensor field K along f given by 

K(X) V[S,nX] , X e Scc(7f), 

where H is the Ehresmann connection associated to S, and V is the vertical 
map belonging to Ti {V o 'H = 0, V o i ~ identity). We show in our formalism 
that the curvature of Ti. and the affine deviation tensor arc related by 

R(X, Y) = i(V^K(f , X) - V^K(X, ?)) ; X, f 6 Sec(7f). 
o 

We conclude this chapter with a brief discussion of the flatness and the 
isotropy of a spray. In both cases, by definition, the Jacobi endomorphism has a 
very specific form. It turns out immediately that flatness implies the vanishing 
of the Jacobi endomorphism, whence the curvature and the affine curvature 
also vanish. Isotropic sprays will be studied in some detail in the Finslerian case. 

Chapter 5 Two sprays, S and S, over a smooth manifold M are said to be 
protectively related if 

5 = 5*- 2PC, 
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where the projective factor P is a positive-homogeneous function of degree 1 

o 

(smooth on TM), and C := i o 5 is the Liouville vector field. The transition 
from S* to S" is mentioned projective change. 

In this chapter first we review some basic facts concerning a projective change 
of a spray. Then all of the basic geometric data (Ehrcsmann connection and its 
associated objects, horizontal derivative, Berwald curvature, Jacobi endomor- 
phism,...) of the spray change; we give the explicit formulas for these changes. 
We show that the Berwald curvature and its trace remain invariant under a 
projective change at the same time. The criterion of their invariance leads to a 
simple PDE for the projective factor, which we solve without using coordinates. 

We recall an intrinsic definition of the two basic projectively invariant 
tensors, the Douglas curvature (D), which may be constructed from the 
Berwald curvature, and the Weyl endomorphism (W°), which may be built 
from the Jacobi endomorphism. As for the Weyl endomorphism (or projective 
deviation tensor in Berwald's usage), we adopted del Castillo's definition [22], 
mutatis mutandis, but we expressed it in a more convenient form in terms of 
K, trK and their vertical differentials. 

Chapter 6 We begin with the definition of a Finsler function and its fim- 
damental geometric data (Hilbert 1-form, normalized supporting element field, 
angular metric tensor, Cartan tensor, Landsberg tensor). We present some sim- 
ple, more or less technical, observations about these basic objects. Next we 
recall an intrinsic definition of the canonical spray of a Finsler manifold. The 
construction is just a fine intrinsic reformulation of the Euler-Lagrange equation 
of the energy functional. From this point, our general principles may be realized 
according to the scheme 

Finsler function — canonical spray — !■ Ehrcsmann connection — > 

curvatures. 

Note that the Ehresmann connection determined by the canonical spray of a 
Finsler manifold is said to be the canonical connection or Berwald connection of 
the Finsler manifold. From this connection, as in the general theory, a covariant 
derivative operator can be obtained by linearization in the Finsler bundle 7t : 

o o 

TM X mTM — ?> TM, this is the (Finslerian) Berwald derivative. (It is dangerous 
to confuse the Berwald connection with the Berwald derivative!) 

The only truly interesting result in this chapter is essentially classical. In his 
paper jl7j Berwald has shown that an at least 3-dimensional isotropic Finsler 
manifold has vanishing Weyl endomorphism. (His formulation is distinct to 
some extent, but equivalent.) It was discovered by L. del Castillo and, indepen- 
dently, by Z. I. Szabo, that the converse of Berwald's theorem is also true. We 
give here a simple proof of this important observation. (Berwald himself also 
proved the converse, but he used an additional condition.) For completeness, we 
also present an independent proof of Berwald's above mentioned statement; in 
fact, this is the harder part. Note that in Berwald's and Szabo's formulation it 
is assumed that the Finsler manifold is at least 3-dimensional. In our treatment 
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this condition is superfluous. However, we shall discuss the 2-diniensional 
case repeatedly in Chapter 9. Then we shall check that the Weyl tensor is 
automatically zero (which is a well-known fact), while the canonical spray is 
isotropic (this will be obtained as an easy consequence). 

Chapter [7] Finsler geometric objects are typically position and direction 
dependent. It may happen, however, that some of them depend only on the 
position. Mathematically expressed: some Finsler geometric objects may have 
vanishing vertical differential. We mention here an important, classical example. 
In an n-dimensional, isotropic Finsler manifold (Af , F) may be defined by the 
scalar curvature function 

(n — l)i' 

where K is the Jacobi endomorphism. It is positive-homogeneous of degree 0. 
Berwald has shown in [17] that if R "depends only on the position", i.e., VR ~ 
0, and dimM > 3, then the function R is constant. (It is presupposed that the 
manifold is connected.) This is the Finslerian version of the well-known Schur 
lemma from Riemannian geometry. 

A systematic investigation of Finsler manifolds with direction-independent 
data was initiated by S. Bacso and M. Matsumoto [S]. In this chapter we show 
that the direction independence of the Landsberg tensor and the stretch tensor 
holds only trivially, i.e., if these tensors vanish. We also prove that R-quadratic 
Finsler manifolds have vanishing stretch tensor. To formulate these results more 
explicitly, consider 
the metric tensor g := ^VVF^, 
the Landsberg tensor P := —^V^g, 
and the stretch tensor S defined by 

S(X, Y, Z, U) 2(V'^P(X, y, Z, U) - V'"V{Y, X, Z, U)). 



Then we have 



(1) V^P 


= = 


> P = 0; 


(2) V^S 


= = 


> S = 0: 


(3) V^H 


= = 


» S = 



Chapter [8] Let (M, F) be a Finsler manifold with metric tensor g. First we 
define the orthogonal projection of the module of sections of the Finsler bundle 
TT : TA/ y.M TM — > TM onto the g-orthogonal complement of span((5) {5 is the 
canonical section) . On Euclidean analogy, it may simply be given by 
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In a more compact form, 

p = 1- 4^^(8x5. 
r 

We also define, wliat we mean by tlie projected tensor of a type (°) or a type 
(^) "Finsler tensor" {k > 1). 

Temporarily, we say that a Finsler manifold is a p-Berwald manifold^ if the 
projected tensor of its Berwald curvature vanishes. Our first observation is that 
a p-Berwald manifold is R-quadratic, if and only if, its stretch tensor vanishes. 
Next we show that the class of the at least 3- dimensional p-Berwald manifolds 
is the same as the class of the at least 3-dimensional Berwald manifolds. Thus 
we obtain a new characterization of Berwald manifolds in dimension n > 3. This 
result is strongly related to Sakaguchi's important theorem in [51] , which states 
that an at least 3-dimensional Finsler manifold is a Douglas manifold (i.e., has 
vanishing Douglas curvature), if and only if, its projected Douglas curvature 
vanishes. Sakaguchi's theorem plays an essential role in our proof. 

Having the projection operator p. we may express the curvature of the 
Berwald connection of an isotropic Finsler manifold (M, F) in the very con- 
venient form 

R = Fp A (i?V^F + IfVR), 

where R is the scalar curvature mentioned above. Conversely, if the curvature 
R takes this form, then (M, F) is isotropic. If, in addition, R 'depends only on 
the position', then we obtain 

R = Fi?(p ® V^F - V^F ® p). 

Starting from these observations, to demonstrate the efficiency of our tools, we 
conclude the Chapter with a new proof of the Finslerian Schur lemma. 

Chapter [9]The greater part of this chapter consists essentially of transcrip- 
tions in order to give an intrinsic formulation in our setup of Berwald's theory of 
2-dimensional Finsler manifolds, explained by him so beautifully in terms of the 
classical tensor calculus in [T6| . In this process all ingredients of the preceding 
chapters appear once again, but in a more transparent form. This transparency 
is mostly due to the fact that we have an intrinsically constructed orthonor- 
mal 2-frame, called Berwald frame, and we may apply Fourier expansion with 
respect to this frame. So, on the one hand, this chapter may be considered as 
an application of our tools and techniques to a concrete situation. On the other 
hand, we find an opportunity to tie up some loose ends. 

We give an explicit representation of the Jacobi endomorphism, and 
conclude that all 2-dimensional Finsler manifolds are isotropic. On the other 
hand, we can easily show that the Weyl endomorphism annulates both members 
of the Berwald frame, and hence it is the zero transformation. We show that 
a 2-dimensional Finsler manifold is p-Berwald, if and only if, it is weakly 
Berwald, i.e., its Berwald curvature is traceless. Wc conclude, finally, that a 
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2- dimensional Finsler manifold is a Berwald manifold, if and only if it is 
weakly Berwald and has vanishing Landsberg tensor. 

Chapter 10 Given a spray over a manifold M, we may ask: 

When does a Finsler function exist such that its canonical spray is the given 
spray? When does a Finsler function exist such that its canonical spray is pro- 
jectively related to the given spray? 

The first question is the problem of Finsler metrizability or Finsler- 
variationality, the second one is the problem of Finsler metrizablity in a broad 
sense or, briefly, the problem of projective metrizability. In terms of the classi- 
cal tensor calculus, A. Rapcsak has formulated two equivalent criteria for the 
projective relatedness of the canonical sprays of two Finsler functions F and F 
over the same manifold M . These criteria are mentioned as Rapcsak equations 
nowadays. In Rapcsak equations we find the partial derivatives of F and the 
spray coefficients of the canonical spray of (M, F) , or the Christoffel symbols 
of the Berwald connection of {M,F). So it makes sense to speak of a Rapcsak 
equation for a Finsler function with respect to a spray. In what follows, wc use 
the term in this sense. Then, obviously, Rapcsak equations give a key to attack 
the problem of projective metrizability. 

In the first essential step of this chapter we formulate one of the Rapcsak 
equations in an intrinsic (first index-free, next index and argumentum-free) man- 
ner. Using these new forms, we derive a simple necessary and sufficient condition 
for Finsler variationality. Applying this criterion, we obtain an extremely simple 
proof for the unicity of the canonical connection of a Finsler manifold. 

The rest of the chapter is devoted to necessary conditions for projective 
metrizability of a spray. The most interesting among them (with the most 
difficult proof) is the following: 

// a Finsler function F : TM — > M satisfies a Rapcsak equation with respect 
to a spray over M , then the Jacobi endomorphism K determined by the spray is 
"self- adjoint" with respect to the symmetric type (2) tensor JI := V^V^-F, i.e., 
for any sections X , Y along f we have 

/i(K(x),y) = 7i(x,K(y)). 
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